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Intro duction

In the summer of 1988 a group of us from the Five Colleges|Amherst,
Hampshire, Mount Holyoke, and Smith Colleges, and the University of
Massadwsetts|in  western Massadwusetts beganworking on a new calculus
curriculum under a v e-year grant from the National ScienceFoundation.
We had two broad goalsin mind: 1) to dewelop the conceptsof calculusin
the context of substartial problemsfrom the other sciencesand 2) to incor-
porate the visual and computational power of computersinto the exploration
of these concepts.

For the rst v eyears,at the end of eadh semesterthe faculty who had
taught the material got together for a daylong sessionto share experiences
of what had worked well and what di culties had beenencourtered. Each
summerwe then worked to revisethe materials and write new sections,iron-
ing out those spots that had beenunclear or where the purity of our initial
conceptionran into the realities of the classrom. We also ran a number of
workshopsaround the country for other faculty thinking of using the mate-
rials. This Handlook is a distillation of the topics and issueswhich regularly
aroseduring the debrie ng sessionsand workshops. As more teadhers use
these materials in a wider range of settings, the Handlook will undoubtedly
corntinue to be revised. We would therefore like very much to hear from you
about things that didn't work for you, pitfalls or opportunities that dewel-
oped in your class, or about suggestedimprovemerts in either the text or
this Handhook.

Why Read this Handbook?

There are a number of snareslying in wait for thoseteacding this material for
the rst time. The choice, order, and developmert of topics are substartially
dierent from the way most of us were taught, and have ourselves been
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2 INTR ODUCTION

teaching. This provides many points at which new usersof these materials
can anticipate how they think the material will or should unfold, only to be
left o -balance when a very di erent tack is taken. In this Handlook we ag
a number of these points and explain the choicesmade.

Moreover, this coursein placesdraws upon examplesfrom domains like
epidemiology or ecologythat are not part of the standard training of most
mathematics teachers. While the examplesare meart to be self-cortained,
a number of teachers have expressedan interest in having more of the bad-
ground available. This Handkook therefore includes supplemenal discussion
and referencedfor those wishing to explore the topics further.

Finally, this courseis technology-dependernt to a much greater extent
than the coursesmany of us are usedto teaching. We identify a number
of technical and pedagogicalissuesthat have comeup relating to the use of
computers or graphing calculators, and include somesuggestionsfor dealing
with them.

How to Use this Handbook

The body of the Handlook consistsof two main sections. The rst 25 pages
on CourseStructure lay out the generalpedagogicaland curricular concerns
underlying the choice and presenation of topics, with some suggestionsre-
garding their implementation. The remainder of the body of the Handlook
is a section-hby-section commertary on the text.

Throughout, this Handhlook and the main text should be viewed as a
guide only. The arrangemen of the topics in the text is a suggestion,an
order which hasworked well for us. Even we don't go through every item in
order every time. You undoubtedly have your own pet examplesand ways
of covering sometopics, and you should certainly feel free to customizethe
materials. Nevertheless,if you are trying the material for the rst time, we
urge you to stay fairly closeto the order and style givento get a good overall
feel for the novel features of this approach. For purposesof future versions
of the text and this Handook, if you do try a variation which works well,
pleaselet us know.



Course Structure

The Audience

The original usersof thesematerials wereundergraduatesat four-year lib eral
arts colleges, majoring in ewverything from mathematics to the arts. By
and large, they are not unusually gifted mathematically and have as much
di cult y as most undergraduatesin remenbering the quadratic formula.
When we began, we thought a separatecoursefor mathematics and physics
majors might be needed,but we have cometo feelthat this course'sview of
mathematics and its relation to the other disciplinesis an important one for
thesestudernts to cultivate aswell, and we now have them all in one course.
Now, many students at high scools, two-year colleges,and universities are
also using this text.

As is increasingly the caseat a number of schools, many of our studens
arrive having already completed a calculus course elsewhere,and the usual
problemsof decidingwhereto placethem arise. For those whosebadkground
is quite strong, we have found that they can generally acquire the ideasand
tools of this coursein their other work, without taking this course. For
thosenot quite this strong, moving directly into the secondsemestematerial
works well, requiring only a bit of scrambling on their part at the beginning
of the term to becomefamiliar with someof the numerical conceptsinvolved.

The lessstrong students who have had calculus before, though, or those
looking for an easy course (since they think they already know the mate-
rial), poseparticular problems. These students usually sign up for the rst
semester. For most of them, this works out wellthe material is dierent
enoughfrom what they've seenso they don't get bored, and the new per-
spective often helpsthem understand the conceptsmore profoundly. Some,
though, feel betrayed when they seehow di erent this courseis from what
they've had before, responding with \When are we going to get to the cal-
culus?" and reserting the time they have to put into the coursewhen they
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4 COURSE STRUCTURE

thought they knew it already. It helpsto point out the kinds of problems
they are able to solve in this coursethat they couldn't have dealt with in
their previous course.

As always in launching something new in the classram, it is important
to make surethe students seethemselvesasour co-experimerters rather than
asour guineapigs. As they comparethis coursewith their own experiences
or with other coursestheir friends are taking, they will needreassurancdhat
we know what we are doing. We have found that one of the most helpful
things we asteachers cando is to talk to our students|explain what we are
doing and why; tell them how this coursecompareswith a more traditional
course,without belittling the standard course;get feedbak early and often.
The issuescan't be adequately addressedin a single conversation at the
beginning of the semester,but needto recur throughout the course, more
often than our initial intuitions would have suggested.

The Starting Points

The material in this courseis basedon v e premises:

1. Calculus is fundamentally a way of dealing with functional relation-
shipsthat occurin scienti ¢ contexts. The language,tools, and models
of calculusarosethrough trying to understandtheserelationships, and
the other sciencesstill provide an ongoing sourceof new and interest-
ing topics for investigation. An awarenessof this connection should be
a part of the students' perception of the material from the beginning.
Particularly in the initial stages,dewveloping the techniques of calcu-
lus must not obscurean overview of the kinds of underlying questions
calculusis designedto explore.

2. Computersradically enlargethe range of questionswe can explore and
the ways we can addressthem. Computers are much more than a
tool for teaching standard calculus; they changethe standard. When
we can replace sophisticated analytical techniques with conceptually
simple computational approaces,someimportant classesof problems
that were formerly consideredto be advancedcan now be explored at
the introductory level. Moreover, numerical approaces often provide
a generality in the treatment of topics like integration and di eren-
tial equationswhich, in the traditional exposition, can appear to be a
miscellary of special cases.Finally, computers encouragea geometric
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approach which can substartially enhancethe students' mathematical
understanding.

3. The conceptof a dynamical systemis certral to science,asany perusal
of the current literature will quickly indicate. Therefore, calculus must
prepare students, preferably at an early stage, to begin dealing with
systemsof non-linear di erential equationsand the kinds of questions
that arise about such systems.

4. The conceptof derivative is much more fundamenal than, and is sep-
arable from, the processof di erentiation. It hasbeenour experience
in the past that students all too often think of the derivative only in
terms of a set of di erentiation rules. In fact, in many conexts|
dynamical systems, for instance|the derivative is given by a model
or by a geometric analysis rather than from di erentiating somefunc-
tion. Studerts needa clear geometric and operational understanding
of what a derivative is in its own right.

5. The processof successie approximation is a key tool of calculus, even
whenthe outcome of the process|the limitjcannot beexplicitly given
in closedform. The standard { approad, assumingasit doesthat we
somehav know the answer, is often a much lessuseful way of thinking
about the limiting processthan Cauchy's approac.

Curricular Themes

We have taken the above starting points and abstracted a small set of themes
from them, around which we have organizedthe curriculum.

Context

If you ask typical students what mathematics is about, they are likely to
derny that it is about anything. They perceive mathematics as existing in a
world of its own, with its own rules, having little to do with any questions
they might be interestedin. The so-called\applications” that are provided,
almost always after the mathematics has been completely worked out, are
often transparertly arti cial and do little to corvince skeptical students that
mathematics has anything to say about the world in which they live. We
feel much of the low regard the generalpublic currently hasfor mathematics
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arisesfrom treating mathematics asa strictly technical discipline, responsive
only to its own internal logic and structure.

Historically, though, much of calculusaroseasatool to explore questions
in the sciences|including, of course, other branches of mathematics. Our
students needto seethis connectionthroughout asthey learn the material,
not just as an optional afterthought appendedto the mathematics.

Providing this kind of context for the mathematical ideascanbe daunting
for many teachers. Few of us have the training to claim expertisein any eld
outside mathematics, and none of us hasthe time to acquire suc expertise
now. The main adviceis: Don't try to presern yourself as an expert. If you
arein commandof the mathematical componert, studerts canreadily accept
your role is an intelligent amateur in ecology physics, or chemistry. They
will even enjoy the role reversal, when they know more than you. While the
examplesin the text are meart to be self-cortained, someteacherswill want
to dewelop their own examples. Your students can help in this, both during
the courseand after. They will be glad to enlargeyour repertoire by bringing
you examplesthey come acrosswhere calculus is used. Your colleaguesin
the other sciencescan be good sourcesof examplesand topics, and they
will appreciate being consulted. If you have the time and the inclination,
skimming through journals like Sciena, Nature, or The American Naturalist
can suggestpossibletopics. This Handlook contains a modest selection of
suggestedreadingswhich you can peruseif you are soinclined. View this as
a long-term dewelopmen, not as something which has to be accomplished
beforeyou teach this material for the rst time.

Differential Equations

In looking through the sciertic journals, the large majority of settings in
which calculus occurs take the following form: the investigators have a sys-
tem of interacting quartities whosebehavior they want to analyze, and the
constraints acting on the system allow them to model the rates at which
the quartities are changing. That is, they start with a system of di eren-
tial equations,typically non-linear, and they want to know something about
its solution curves, asymptotic behavior, or the existenceand nature of any
equilibrium points.

Since this is such a universal feature of all the sciences,we have made
it a certral theme of this course. This topic is introduced on pagel, in a
model for the progressionof an epidemic, and is deweloped in many of the
later chapters.
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Modelling

While we do not view this asa modelling course,it is important for students
to dewelop a reasonablysophisticated appreciation for the interplay between
real-world problems and the mathematical models we construct to help us
think about these problems. A rst dicult y in this processfor many of
our students is simply one of translation|from descriptions expressedin
English to mathematical equations, and vice versa. Once studernts begin
to be comfortable with this translation processit is possibleto go on to
discussissueslike what makes for a good model, the value and place of
both quartitativ e and qualitativ e prediction, and the like. In particular, it
is useful for students to beginto dewvelop a good feel for the role parameters
play in constructing models.

Successive Approximations

Up to this point in their mathematical education, every problem our students
have encourtered has had one correct answer. In this course,though, this
rarely happens. Solutions can be approximated to high degreesof accuracy
but the solution itself can not be written down in closedform. Thus the
approximations are not just useful cluesleading up to the \real" answer like
2or orsinx|often the approximations are all we have. This is a startling

shift for many students to make, and an important one. Moreover, studens
needto dewelop a strong appreciation of the tradeo in time (and perhaps
money) in getting the next decimal place of accuracyin an approximation.

Geometric Visualization

A computer's ability to produceand manipulate graphical imagesintro duces
a conceptual elemer that is very helpful in thinking about mathematical
problems. We have tried to incorporate this into our course wherewer we
could, encouragingour studens to cultivate their geometric intuitions and
to seecalculus as more than a collection of algebraic rules for manipulating
strings of symbols. When students can actually seethe graph of a function
becoming linear as they zoom in on it, or when they can seea series of
piecewise-linearcurvesapproacing a smooth curve asalimit, theseconcepts
becomevery real and concretein ways that are di cult to achieve through
more formal argumerts.
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Numerical Methods

Traditionally, numerical methods have been the last recourse,to be used
when one could think of no clever technique for producing a closed-form
solution to a problem. Students were implicitly taught to expect that most
problems would be tractable, that only if they were really unlucky would
they have to resort to Simpson's rule or Runge-Kutte techniques. With

readily available computers, though, the position is reversed|studen ts can
be taught to approad ewvery problem of integration, for instance, knowing
in advance that it is solvable by numerical methods at least, and that if
they are really lucky it might even yield to a clever analytical shortcut like
integration by parts. We feelthat this shift in attitude is an important one,
making our students more e ectiv e usersof calculus sincethe conceptsare
seenin a more universal light.

At the sametime, though, it isimportant to stressthat this is not a course
in numerical techniques, and we often stay with a particular approad|
Euler's method, for instance|b ecauseof its conceptual simplicity, even
though there may be other techniquesthat give more rapid corvergence.

Pedagogical Aspects

In addition to thesecurricular themes, we have designedthis courseto en-
courage our studerts to think about what it meansto do mathematics in
seweral ways which are new to many of them.

Collaboration

A great deal hasbeenwritten about the role of collaborative learning, which
we won't go into here. In our calculus classesthe students are strongly
encouragedo work in groupsof two or three on the homework problems, and
we have found this to be very e ectiv e. The students encourageone another
and work productively to make suggestionsand try out possibilitiesthat they
would not have had the con dence or energy for if working individually . In
fact, many of the problemsare soinvolved that it would be discouragingand
di cult for atypical student to work on them alone.

This immediately raisesa number of questionsfor teachers: Do we assign
students to groups or let them choosetheir own? How do we assigncredit
for the work done? Do the groupsturn in one solution set per group? How
do we get shyer students into groups? While eat teacher developshis or her
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own responseto sudch questions,we have found none of them to be a major
hurdle. Someof us ask students to submit a single, joint homework paper
represerning their group work. We try to be surethat the responsibility for
writing up joint solutions is sharedevenly (for example, by asking students
not only to list all members of the group but also to indicate who wrote
up ead portion). Having regularly scdeduled problem sessionsoutside of
classis another good way to encouragestudents to work together. Having
a student assistart on hand at these sessiondgs helpful, too, so long as the
assistart has beentrained not to fall into the trap of being too helpful.

Calculus as a Language

For many people|b oth teachersand students|the most striking feature of
the text is the number of words. Studerts usedto a largely algebraic ap-
proach to mathematics will be wondering where the formulas and equations
are. Moreover, the lack of \template" examplesin the text that students
canturn to and readily adapt for doing their homework forcesmany of them
to revisethe successfuktrategiesthey have ewlved for dealing with mathe-
matics courses.

The text is designedto remind students that mathematics problemsarise
out of real world corntexts and to give them ample practice in the art of
translating sud problemsinto mathematics. We believe that this transla-
tion processfrom words to mathematics is an important part of being an
e ectiv e user of mathematics. The real problemsthat our students will en-
counter outside our classesrarely come labeled and broken down into tidy
parts. While they needto be pro cient in the routine manipulations, stu-
dents needto realize that there is more to being good at mathematics than
pro ciency in manipulating symbols. We have found in previous coursesthat
the ability to successfullyperform mathematical manipulations doesnot al-
ways coincide with the ability to assignmeaningto suc manipulations|to
think mathematically. We want our students to be uent in moving badk
and forth between English statemerts and mathematical ones, and have
structured the text to reinforce this.

Tackling Large, Messy, Ill-Defined Problems

Once studerts leave their mathematics classes,they will often encouner
problemsthat don't immediately suggesta speci ¢ technique for their solu-
tion. There may be incomplete or irrelevant information, there will be too
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many complexities to deal with all at once, and the like. We feel it is im-
portant for our students to begin getting some practice with how they can
make a start in suc a situation. We have therefore included a number of
problemsthat require simpli cation or are rst explored by generating data
and looking for patterns. We also ask students to think and write about
what they are doing, articulating the pros and consof various approades.

Experimentation

An important part of thinking about hard problemsis trying things out and
experimenting with dierent possibilities to seewhat happens. As others
have pointed out, computers can provide an experimertal avor to mathe-
matics for the averagestudent. One of the most striking featuresof teaching
this material in a computer classram is how quickly the studerts escape
the control of the teacher. They try dierent models of a problem, vary
parametersto seewhat patterns emerge,and exchange discoverieswith one
another. Having a setting where students can discover someof the truth for
themseles rather than simply having it handed on by the teacher is very
powerful.

Approximation

Thinking in terms of initial, approximate answersto a problem rather than
leaping immediately to the right answer is very di cult for many studerts,
yet it is an attitude they must dewelop if they are ever to be able to approacd
large, messyproblems with con dence. Making approximations also forces
studerts to think about the structure of a problem in ways they can often
avoid if all they have to do is perform certain manipulations to get the right
answer. The notion of approximation is certral to most of the topics in this
text, and by the end students have a much more sophisticated conception of
the role of approximations and how to usethem intelligently.

The Importance of Problems

Most students cometo this coursewith the generalnotion that mathematics
is about learning concepts and tools, and that doing problemsjoften ex-
ercises,reallylis where they get good at using the tools, which will then
be tested on the exams. This courseis structured to make wrestling with
problems much more certral. We want the students to feel that they are
learning the tools sothey can think about interesting problems, rather than
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that they are doing problems so they can learn the tools. While there is a
place for exercisesthat are moderately repetitiv e variations on a common
theme to help dewelop facility with a certain tool or concept, the skill our
students will needin the long run is to feel comfortable jumping into a prob-
lem when it is not obvious what the appropriate approad is. Many of our
problems are designedto dewelop this attitude.

Moreover, many problems anticipate ideas and directions that will not
have beencoveredyet in class,to get the students thinking about the issues
before they are raised by the teacher. This is a signi cant changein what
the students are usedto, and it helpsif the teacher discusseghe reasonsfor
this with the studerts.

There are seweral medanismswe usefor getting the students to take the
homework problemsmore seriously Oneis simply to insist on more clarity in
the written explanations accomparying their answers. Another is to assign
more credit to the homework in computing the nal grade|some of uscourt
the homework for as much as 50% of the grade. One arrangemen we use
that helpsthe studernts' learning is to permit students to resubmit homework
papers. It is helpful to have the original work attached to the revision sothe
reader can easily compare the two versions. A useful grading schemeiis to
assignone of three overall gradesto ead paper, for example 1, 2, or 3. We
might tell students that \1" indicates they should get help and then re-do
the assignmen (or those portions preserting di culties); \2" indicates that
they would benet from re-doing the assignmem;, and \3" that the paper
is good enoughto study from. In practice this tends to mean that almost
all groups end up with the grade of \3" on nearly all assignmets, but this
seemsne to us.

The Role of the Text

As working on the problems becomesmore certral, students will needto
learn to usethe text in ways that may bedi erent from their previoususesof
mathematics texts. Calculusin Context is more than a conveniert summary
of a set of techniques, theorems, and worked examples. There is a narrative
ow to the ideaswhich reacesits culmination asthe students grapple with
the exercises. We make speci ¢ reading assignmens before ead classand
then spendthe bulk of the classtime working on and discussingthe problems
and questionsthat arosefrom that reading. It is our experiencethat most
students soon learn the value of doing the reading ahead of time, especially
if during the rst seweral weeksthe teacher helps students draw answersto
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their questionsout of the reading. We try to resistthe temptation to presen
the text in lecture format.

Intuition and Rigor

In mathematical learning, asin the rest of developmertal biology, \ontogeny
recapitulates phylogerny"|that s, the developmert of the individual's math-
ematical understanding can often proceedmost productively if it follows the
ewlution of the discipline itself. Just asthe 19th certury's concernfor de ni-
tion and proof only cameafter more than a certury of at times free-wheeling
imaginative leaps, we should allow our own students time to dewelop sub-
stantial intuitions about the material before pushing them too hard to be
rigorous. Thus, for instance, the word \limit" occurs quite early in this text,
and is usedfairly often thereafter, with increasing precision, but it is only
halfway into the secondsemesterthat anything like a precise de nition is
o ered.

The kinds of reasoningskills most often required in this courseare some-
what di erent from the tightly-reasoned mathematical argumerts somestu-
dents (and many mathematics teachers!) enjoy. If you have suc students in
your class,you can steerthem to points in the text that o er opportunities
to explore this side of mathematics. Theseinclude the secondtreatment of
the exponertial function in 4.3, the proofs of the di erentiation rulesin 5.1,
the proofs of periodicity in 7.3, the recursionrelations in 10.4, the treatment
of corvergencein 10.5,and Stirling's formula in 12.1. By cortrast, problems
in this courseare rarely \hard" in the usual senseof requiring a lot of clever
algebraic manipulation. When problemsin this text are perceived as hard,
it is becausethey require a lot of common sense together with a good feel
for the underlying mathematical ideas.

Rethinking Techniques

While much of calculus builds on broad, generalinsights, many of the tech-
niques of calculus respond to the needto perform speci ¢ kinds of complex
calculations rapidly. In many instances, though, computers potentially re-
duce the importance of these tools. For computational purposes,crude,
brute-force algorithms can replace many of the elegart methods dewveloped
by generationsof mathematicians. Many branches of math|statistics, lin-
ear algebra, calculus|curren tly seenas\advanced" to a greater or lesser
degreeare di cult becauseof the time and e ort neededto dewelop their
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techniques Many of the underlying concepts of those subjects, howewer, are
straightforward and can be understood by students working at an elemen-
tary level. The impact of this potential shift and how to accommalate it in
our classeswill undoubtedly engagemathematics teachersfor yearsto come.
Let's look at a couple of examplesfrom the calculus curriculum.

Example 1: Maxima-minima

Traditionally, alot of time in calculuscoursesis spent on max-min problems,
where the student setsup the function, takesthe derivative, nds where it
equals 0, and tries to determine which points are maxima and minima of
various kinds. The conceptis certainly important, and the techniques can
be an excellent exercisein algebra and analytical thinking.

Howewer, most students (and virtually all professionals)now have access
to high-quality graphing software. Oncethey have set up the function, they
can simply display it and zoom around the graph to locate the maxima
and minima, using no calculusat all. While it is possibleto create examples
which will fool the naive userof this approad, by and large graphing software
leadsto answers more rapidly than hand analysis, with a lower probability
of algebraic and arithmetic errors. More importantly, unlike the traditional
calculus coursewhere we have to be careful to choosefunctions where the
studerts can actually solve the equationf {x) = 0, the computer approad is
generallall functions are dealt with the sameway. The conceptof extrema s
simple|9th graderscan graspit easily It is only the traditional technigues
that are at all advanced, requiring the treatment of sud problemsto be
deferred.

Moreover, graphing software lib eratesthe student to tackle more complex
and interesting problems than the traditional Norman window problem or
the lighthouse keeper forever rowing his boat to a point on the shore and
walking into town. Attention can be focusedon the initial stage|that of
setting up the function in the rst place, or analyzing the appropriatenessof
the model|whic h is wheremany of our students have the greatestdi cult .
Finally, while traditional analytical techniquesare not eliminated, their use
is shifted somewhatto areaswhere numerical methods are lessuseful. For
instance, traditional methods of analysisare very powerful in the exploration
of max-min problemsinvolving parameters.
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Example 2: Dieren tial equations

Traditionally, di erential equationsis an advancedtopic, requiring two years
of calculus as a prerequisite. It is divided into a number of subcases.and an
array of techniquesis dewveloped to deal with di erent cases.Many of these
techniques are very clever and elegan, and display the kind of intricate
reasoningand analysisthat attracted many of usto mathematicsin the rst
place.

Di erential equationsare certral to this courseand are intro ducedon the
rst day. Wetreat all di erential equationsthe sameway, using a simple and
intuitiv ely clear numerical approad. The student thus spendsno time wor-
rying about about which technigue to use,or whether the problem is solvable
at all (in the senseof there being sometransformation which will reduceit to
arecognizableform). We canthus, at an elemenary level, addressproblems
and conceptswhich the overwhelming majority of our students would never
get to seein the traditional curriculum.

Computing

This course cannot be implemented without ready student accessto good
graphing and computing facilities. Here we discusssome of the issuesthat
come up frequertly in thinking about making thesefacilities work well. Al-
though we set forth our vision of the ideal setup, eat school will needto
adapt the suggestionsto its own realities. Even at our own schools we can't
all provide the ideal arrangemers.

Classroom Layout

Ideally, this courseshould be taught in a spacewhere eat group of two or
three students hasaccesdo a computer linked by a network, or in which each
student hasagood graphing calculator. If you are usingcomputers,it is most
e ectiv e if the computers are arranged around the edgeof the room rather
than beingin rows in the middle of the room. When ead group of students
can look around and seewhat every other group is doing, very productive
sharing of results and ideasoccurs. Lesse ectiv e, becauseit makesit much
harder for the students to becomeactively involved and try out their own
ideas, is to have a single computer with good projection facilities, with the
students' computer work left to lab sessions.A classwhere eat student has
a good graphing calculator is somewherein between|studen ts are still able
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to generatetheir own data, but tend to work a little more in isolation than
in the ideal layout.

Computer Labs

An experimental avor, with students collecting data and looking for pat-
terns, is an important feature of this course,and one which distinguishesit
from standard treatments. Someteachers emphasizethis by explicitly des-
ignating this as a laboratory coursewith a specic lab period once a week.
Students are given projects to investigate and are expected to write their
work up in a laboratory notebook. Besidesreinforcing the experimental
aspect, this also has the benet of getting the students to write more de-
scriptively about what they are doing, a processwhich helps many of them
think more clearly about how they are approacing problems.

Evenin courseswithout a separatelaboratory componert, though, stu-
dents will needto usecomputersor graphing calculators outside of the class-
room. Ideally, there should be a room with tables and a number of reason-
ably fast computerswith high-resolution color monitors served by a network.
There should be a printer attached so students can get copiesof their out-
put, or sothey can print out programs that don't seemto be working to
show to the teacher or courseassistart. Students should be encouragedto
have their own disks on which their versions of the various programs can
be stored and, for those following a laboratory courseformat, on which the
lab notebooks can be maintained. The advantage of having the computers
in a single room rather than scattered about is to encouragestudents to
collaborate and shareresults and ideas. For this reason,even coursesbased
on graphing calculators might think about providing a working spacewhere
students can gather to work on problems outside of class.

Appropriate Use of Technology

Properly used, technology allows studerts to think about many interesting
problemsthat would otherwise be inaccessible.Tednology canintro ducean
experimental a vor to mathematics, making the student much more actively
involved in the learning process. Technology can reducethe amount of time
spert on tedious drill and on hand calculations sothat the student canfocus
on the underlying conceptual frameworks. Theseare all major bene ts with
far-reaching implications.

There are at least two major traps to be avoided, though. The rst isto
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make sure that our studerts don't becomemindlessbutton pushers,punch-
ing in the problem, waiting for the machine to produce its output, and
transcribing the result to paper without ever engagingtheir higher cortical
processeslt is essetial that students pauseto re ect upon the signi cance
of what their computers or calculators are telling them. Even better, they
should think about the problem to develop develop a qualitativ e expectation
beforedoing any computer calculation. This tension betweenmath teachers
trying to get their studernts to think and students wanting to reduce every-
thing to rote medanical processeds not new, of course. While omputers
and calculators add to the potential for this kind of abuse,though, they also
o er wonderful possibilities for breaking out of it.

Second,our students heedenoughpractice with hand calculations to de-
velop a good understanding of the principles involved, even though there is
no longer the needfor them to becomeas adept as earlier generationswere
expectedto be. Studerts should at all times view their computer or calcu-
lator as a labor-saving device rather than as a superior intelligence. They
should always be able to at least contemplate the possibility, for su cien t
remuneration, of doing any given problem by hand.

Software vs. programming

In our courses,output from the computers is obtained in three dierent
ways: 1) through the Basic-like programs which are scattered throughout
the text; 2) through software packageswe have dewveloped for manipulating
the graphs of functions, for solving di erential equations, and for working
with density plots and contours of functions of two variables; and 3) through
commercial numerical and symbol-manipulation padkageslike Mathematica,
Maple, or Derive.

Wefeelthat it isimportant in the early stagesthat students usethe Basic
programs to make sure they realize how simple the underlying concepts
really are. There is a lot of variation in how rapidly we move from this
stage to using software padkages. Some of us cortinue with the programs
through much of the secondsemester,while others have already moved to
di erential equation-solving software for most of their work by the end of
the rst semester.While this is clearly a matter of the taste of the teadher,
there are two goals we would urge on you: 1. The students should not
usethe computersin ways that causethem to view them as magical black
boxesthat can mysteriously do things they could never do (if they had the
time). This meansthey should usethe Basic programslong enoughthat the
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manipulations feel mundane. 2. On the other hand, this is not a computer
course,and the teacher should at all times resist the temptation to make it
one. Questionsof programming style, algorithmic e ciency , and the learning
of all sorts of clever computer commands should always be subservien to
the mathematical ideasunder consideration.

For those of you who would like to useBasic programs for all the topics,
Appendix E to this Handlook o ers someprograms for usewith someof the
more advancedtopics. Theseprogramsare written in TrueBasic and can be
usedon either Macintosh or PC platforms. It should be relatively easyto
adapt these programs to whatever programming language your computers
or calculators are using.

We maintain an annonymous ftp transfer site at emmy.smith.edu where
we store copies of the graphing and numerical software we have dewel-
oped, together with supplemenal Quick Basic and True Basic programs.
A README le givesmore details of what's available on emmy.

Calculators vs. computers

Our own experiencehaslargely beenwith computers having VGA monitors
with color graphics, although a few of us are using Macintosh labs. The
computer applications have largely beendewveloped with this kind of facility
in mind. Nevertheless,someusershave taught the courseusing graphing cal-
culators and report little di cult y converting the material to that platform.
With the increasingpower of hand-held calculators and the improvemen of
their graphics, there should be even fewer problems. Note that Appendix
A in the text includes translations of all the Basic programs for the main
graphing calculators currently available: TI-81, TI-82, and TI-85; Casiof x-
7700G and f x-9700GE; and Sharp EL-9200/9300. Translations for use on
the H.P will be available soon on the program's ftp site (emmy.smith.edu).
The advantages of using a computer network are: 1) The speedand ac-
curacy make it possibleto pursuelimits a bit further, which has pedagogical
merit at times; 2) The networking capabilities make it possibleto maintain
the software and the Basic programs easily; 3) If the computers are con-
nectedto a printer of somesort, studerts nd it very helpful to be able to
print out graphic imagesand programs (particularly when they don't work
and they want to ask us why!); 4) The high-resolution graphics support the
dewvelopmert of sophisticated visualization on the students' part; 5) There
are a number of sophisticated software padckagesfor applications like solving
di erential equations, graphing vector elds, or dealing with large systems



18 COURSE STRUCTURE

of equationswhich permit explorations that simply can't be done or done as
well (yet!) on calculators.

The advantages of using hand-held calculators are: 1) Lower cost to the
institution; 2) Commuting students can have accessto the computational
tool at their corvenience;3) Any classram can be readily converted into a
computational laboratory; 4) Studerts have a tool they can take with them
to their other courses;5) Tedinophobic students often nd the calculators
much lessintimidating.

Support

Over the past v e yearswe have seengreat changesin our students in terms
of their familiarit y and comfort with computers. Nevertheless,if the compu-
tational componert of the courseis to be successfula lot of timely support
along the way is essetial. Here are somethings we would strongly recom-
mend you have in place.

Handouts

Carefully written and well-indexed handouts dealing with topics like how to
signonto the network, how to accesshe software and programs, anticipating
the most common problems and what to do about them, and soon are very
important. Moreover, the material should be packagedsothat students can
absorb it in digestible portions|studen ts should have the essetials in the
rst couple of pages, near-essetials in the next seweral pages,and so on,
with the clever but optional topics put at the end, if at all.

Prompt answers

It is important to have knowledgeableassistaris available to lend a hand,
particularly in the initial stages.Moreover, theseassistaris shouldbetrained
to answer only the question asked and resist demonstrating their own knowl-
edge by being too free to show the inquirer the clever way to do things
instead.

As was mertioned above, it is alsovery helpful to have an on-line printer
available so that when students run into problems they can get a screen
dump to bring in to you. Theselead to much more fruitful discussionsthan
what you get when the student is trying to tell you verbally what went on.
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Traps for the Unwary

Since not ewvery calculus teadher is also an experienced computer teacher,
we mention here a couple of featuresinherent in using computers which will
almost certainly come up at some point during the course. You can wait
until they intrude themseles before bringing them up with the students,
but they should evertually becomea part of their generaleducation.

Roundo error

Here is a simple program you should try writing on your machine:

delta = 1/100
S=0
FOR k = 1 TO 10000
S =S + delta
NEXT k
PRINT S

Apparently, this program simply adds .01 to itself 10000times, so we would

certainly expect to get 10.000000000@as the printout. In somelanguages,
though, you won't. The reasonis that most computerskeeptrack of numbers
in binary form. Since.01 doesn't have an exact nite binary expression,the

computer usesan approximation. The resulting error is small enoughsothat

it doesn't matter most of the time, but in someof the applications in this

course involving many iterations, the errors can accurrulate in ways that

becomequite visible.

By contrast, you might try the program

delta = 1/128
S=0
FOR k = 1 TO 12800
S =S + delta
NEXT k
PRINT S

In this case,the answer is exact since the fraction involved will be carried
exactly.

The moral is that you needa reasonableamount of precisionin whatever
language you use. We have discovered, for instance, that ordinary Basic
rapidly producesresults that are quite far o when you try for ner ap-
proximations, and that it is important to specify that the program run in
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extended precision mode. The built-in level of precision in TrueBasic, on
the other hand, appearsto be adequatefor most purposes.

Overo w

Computers have a limit on the size of numbersthey can deal with. If your
program generatesnumbers that exceedthese limits, you will get an error
message. In this course, numerical solutions to di erential equations can
generate such messagesn a couple of dierent ways. The most obvious
way is when you try to solve a di erential equation that grows very fast|
say P9= P2, Hereit is not too surprising that if you start o, say, with
P(0) = 10 and try to get P(100) using small valuesof t the values may
exceedthe macdhine's capacity.

Over ow errors can be generatedmore subtly, though, by failing to turn
cornerssharply enoughusing Euler's method. For instance, one place where
this is almost certain to occur is in the May Model discussedin problem
6 of chapter 4.1. If the students try for an initial approximation using

t = 1, they will generatean over ow message.What happensis that the
piecewise-linearsolution hascrossedover an axis into either negative rabbits
or negative foxes, with the result that the corresponding variables grow very
rapidly (try it out!).

Misleading results

Computers do lie, in the sensethat an uncritical acceptanceof their output
can lead to erroneousconclusions. Here are four examplesto illustrate some
of the kinds of things that can happen:

1. The rst place where many students are likely to encouner this phe-
nomenonis with the graphing software they use,where scaling factors
may causeimportant featuresto be missed. For instance, a studert
who mindlessly graphsy = x(x — 1)(x — 2) over the interval [—10; 10]
will often missthe humps in the graph. In fact, to naive students, all
polynomials of degree> 1 tend to look either likey = x ory = x3.

2. During the coursestudents are asked to calculate slopes of curves at
various points by zooming in on the curves, nding the coordinates of
a couple of nearby points, and getting the value of y= x. Typically
the results will seemto be corverging for a while, then will begin to
wander o. This is becausenot enough signi cant gures have been
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usedfor the valuesof y and X, either due to the limitation in the
number of digits their computers report, or on their own failure to
use all the digits provided, thinking the ones\way at the end" are
irrelevant.

3. Solutions to dierential equations such as y°°= —y, using Euler's
method will appearto uctuate more and more astime goeson, even
though the true solution is periodic. This is becausein problemslike
this, Euler's method always overshoots the true solution in the same
way, sothat the accunulated errors will inevitably becomenoticeable
if you continue long enough.

4. A classic problem is to have studerts calculate the value of the har-
monic series. They will almost invariably come badk with an answer,
either becausethe results diverge so slowly that they decide after a
while there will be no more change, or, if they are more patient, be-
causethe computer itself will begin treating 1=n as 0 for n suitably
large. The sameproblem cropsup in a di erent form if one calculates

the improper integral
11
/ — dx
1 X

by Riemann sums using midpoints|the computer will give a small
nite answer no matter how small x is.

While we don't want to give our students the messagehat computerscan't
be trusted at all, it is important that they not getin the habit of mindlessly
writing down whatever the computer says|they should always be interpret-
ing the results and trying to generate someintuition about what is going
on.

Time Demands

This coursehasthe potential for taking much more time on the part of both
the teacher and the student than a traditional calculus course. Here are
some of the points at which this can happen, with suggestionsfor dealing
with it.
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Time Demands on the Teacher

Under the best of circumstances,there are one-time startup costsin teaching
this course. The teacher will needto spend more time thinking and learning
about computer facilities, exploring the mathematical models he or shemay
not be familiar with, possibly doing somecollateral reading to becomemore
familiar with someof the contexts, and working through the problemsto get
a feel for how long they take and what someof the pitfalls are likely to be
for the students. Ideally, you would get releasedtime from your institution
to make someof these preparations. It also helps considerably if there are
at least two of you teaching the material, both soyou have someoneto talk
with about the courseand soyou can divide someof the startup preparation
(although, on the other hand, conferring regularly also is an extra time
demand!).

Even after you have taught the coursea couple of times, it can still be
more time-demanding than a standard calculus course.

1. Maintaining the computer facilities takestime, and if your department
doesn't have asta persondesignatedto do this, it might end up being
you.

2. Getting students oriented to the computers and answering the ques-
tions that arise throughout the semestertakestime. A good course
assistart can be very helpful here.

3. To be able to provide interesting and current examplesfor your stu-
dents, you may want to browseregularly through someof the scierti ¢
journals to seewhat canbe adapted for your course. Your colleaguesn
the other disciplines can be a real help here|once they nd out what
you are trying to do, many of them can be very good at keepingtheir
eyesopen for articles you might nd interesting. Your ex-studerts can
also be a good source of examples, bringing you the usesof calculus
they run into in their further work.

4. Certainly teachersthinking of running this asa laboratory courseneed
to considerthe increasedtime requiredto commert thoughtfully onthe
written work the studerts will be submitting. Someteachershave dealt
with this by having students submit a single paragraph or two summa-
rizing their laboratory work rather than submitting a full laboratory
report or notebook.



TIME DEMANDS 23

5. Correcting the homework can take longer in this coursethan usual.
More written responsesare asked of the students, which typically take
longer to read. Goals like training studerts to report only signi cant
gures require written commerts on their papers. Again, a well-trained
studert assistart can be a big help.

6. Training the assistarts in the rst place,though, requiressometime|
you can't simply give them the solution sheetsand send them o.
Moreover, it is good to meet with them regularly throughout the term
to make surethey are clear on what the criteria are and to answer their
questions. This is particularly true in the initial yearswhen you will
be using assistaris who have not themselhes beenthrough the course.

Time Demands on the Student

We have discoveredthat evenif students are not actually spending moretime

on the homework than they would in a traditional course,they perceiw it

as taking more time. This seemsto be due largely to the fact that they
needto exercisemore consciousthought at a number of points: they need
to gure out how to usethe computersor calculators and they needto work

out the logistics of getting together with their partners. There is also more
writing involved than many of the students are usedto asthey are asked to

explain their reasoningand defendtheir answers. Most important, though,

the problems require more thought|there are fewer of the template-type
problems than they are usedto where there are sewral worked examples
in the text that only needto be modied to t the assignedproblem. In

fact, someof the problemsare designedto get studerts thinking about issues
that won't be covered until the next class,and it takesexplicit attention on
the teacher's part to help the students appreciate the value of this kind of
problem.

Someof the homework assignmeits ask the student to compute a certain
guartit y to a speci ed number of decimals. Suc problems presumethat the
students have accessto computers at least as fast as 386 machines. If your
students are working on a systemthat is substartially slower than this, you
may needto reducethe number of digits asked for. While it is important
for the students to realize that ead additional decimal of accuracy takes
roughly ten times as long to obtain, the pedagogicalpoint tends to be lost
if the students have to wait two hours for the output! You should try some
of these problems beforehandyourselfto get a feel for how much time will
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be required using your system.

As with most mathematics classes,there is a great deal of variation in
the amount of time students needto spend on the more drill-t ype exercises
to becomecomfortable with the underlying idea. Some of the computer
investigationsin particular can beginto seemlike busy work to your quicker
studernts. You might want to give them the option of writing up solutions to
the harder problems only, accompaniedby someclear prose demonstrating
that they really do understand what is going on. Someof us have beenable
to usethis strategy quite e ectiv ely.

Testing and Evaluation

This text represetts a shift in what we expect of our studerts, and our
medanismsfor evaluating student work necessarilyre ect that shift. Most
of us assessour studerts' progressin four ways: Through homework, lab
reports, in-class exams, and take-home exams. Some of us also use weekly
quizzes. In addition, all of uslearn a great deal about our students from class
discussionsand from shamelessavesdropping as students work in groups.

Before saying more about the ways we handle thesevarious mecanisms,
we should outline someof our general views on evaluation. Since we value
thinking over rote learning, all of us put the primary emphasison process
and explanation: we don't just want an answer, we want a clear indication of
the method of solution. We alsovalue clear, well-organizedwriting, whether
we are reading a few sertences, a paragraph or an essg. This meansthat
quizzesand xed-time examsshould probably not be the only information
usedin evaluating a student's work, since they are best suited for testing
more routine matters, and computer useis lessfeasible.

We have already discussedthe importance we place on the homework
and someof the ways we help studerts to take it seriouslyfor its own sake.

Someof us have students do projects in the secondsemesterin which
they are given a journal article using the ideas under discussionin class.
They are expected to write up an analysis of the article and its techniques,
and seeif they cancon rm (or better yet, expand) the mathematical results
in the paper. Such exercisescan be very exciting for the students, but they
needto be carefully structured.

If you teach in a setting where a take-homeexam is reasonable,this is
an excellert vehicle for eliciting more thoughtful responsesand for letting
students demonstrate their ability to usetechnology appropriately. All of us
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set a higher standard in grading a take-home examination than one taken
in class. A typical pattern is to give two mid-term examsand a nal, ead
with an in-classand a take-homepart. Weightings of the two parts of each
exam vary from 50%-50%to 33%-66%in someorder. Somesamplein-class
and take-homeexaminations are provided in Appendix B, to give you more
of an idea of what we have tried. All of us expect students to work on
examinations individually. Some of us have students "ched out" a take-
home examination for 24{48 hours to work on it, while others give everyone
a week.

Asking students to master larger, more complicated ideas makes them
very uneasy They missthe familiar sign-posts of accomplishmen from high
school: the algorithm mastered, the technique learned, the end-of-chapter
test. They easily becomediscouraged, even when they are making good
progress, partly becausethey don't know how to recognizeor value their
own accomplishmerts. A weekly 15 minute quiz can be very reassuring
to students. It is important to avoid having quizzesdistort the course by
putting too much emphasison little discrete chunks, but seweral of us have
found them very useful, both for helping students seetheir progressand for
helping us seewhat the stumbling blocks are. Somesample quizzesare also
provided in Appendix B.

Naturally, we, our institutions, and the National ScienceFoundation also
want to evaluate how the outcomesof calculus courseslik e this one compare
to those of the traditional course. This is a much harder task. We believe
that asking the same questionsof students in this courseand in the tradi-
tional oneis likely to be unfair to both groups, since the goals of the two
coursesdi er so substartially. We have, however, collected information on
student attitudes at the beginning and end of our courses,and we would
be happy to respond to inquiries about our methods and/or our ndings.
In addition, we want to know what alumni of our coursesbring to subse-
guert coursesin mathematics and in the mathematics-using disciplines, so
we discussthese questions with our colleagues. We pay attention both to
the number of students who go on to take more mathematics and also to
who the students who go on are. We also comparethe sophistication of the
kinds of questionswe ask of our studerts now with those we asked in the
past. Sharing both old examsand current oneswith colleagues,in or out of
the department, cortributes to our corversationswith them.

We would welcomehearing from you about your own e orts to evaluate
the e ects of this courseon your studerts.
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Chapter-b y-Chapter
Commen tary

Chapter 1. A Context for Calculus

This chapter and the next intro duce most of the major themesof the course:
Modelling, di erential equations (called rate equations initially), numerical
calculations, and successie approximations and limit. The temptation is to
seeall this asmerely the intro duction, to be skimmedthrough quickly to get
to the \real" start of the material in chapter 3. In fact, wetypically spendtwo
to three weekson eadt of theseopening chapters. The ideasare newto most
of our students, and we have found that it pays to adopt a somewhatleisurely
pace at the beginning to give the studerts time to immerse themselhesin
what are somevery di erent ways of doing mathematics. Moreover, many
students will be using computers or graphing calculators extensiwely for the
rst time, and this also calls for a certain deliberatenessto ensure that
they are su cien tly comfortable with the medanics of interacting with a
computer to be able to explore e ectiv ely the conceptsbeing developed .

1.1 The Spread of Disease

It is startling to many mathematics teachers (but not to the students!) that
we begin the coursewith a system of non-linear di erential equations. For
some,the responseis to want to badk o a bit and start out with something
simpler and more tractable|sa y a single linear equation. Here's why we
choseto begin this way:

1. We feelthat a facility in understanding and working with sud di er-
ential modelsis, in fact, one of the most important skills our studerts
need,and we want to emphasizeits certralit y from the beginning.

27
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2. Models with interacting variables are, in reality, typical of many of
the problems students will encourter in their further work. This is
perhaps especially the casefor those students in disciplines|lik e the
life sciencesand economics|who are not particularly well-served by
the standard calculus course. It has beenour experiencethat sud
models are conceptually no more dicult for our students to work
with than are single-variable problems. Di eren tial equations courses
traditionally beginwith the study of the single-variable casefor reasons
of mathematical tractabilit y, a criterion which is not of immediate
concernto us as our approad is via numerical methods which apply
equally well to single-variable and multi-v ariable systems.

3. We chosethis particular model becausat is accessible|the underlying
problem is both clear and of generalinterest, and no time is neededto
explain di cult technical concepts.

4. We wanted a model that was rich in terms of leading early to non-
trivial implications (such asthat of threshold in our example) and in
terms of being readily modi able to investigate related problems.

5. Sincesomeof our students have had somecalculus before, we wanted
to begin with a problem of a kind that would be new to them as well,
giving the senseat the outset that this was not going to be merely a
review of what they had already done.

You will notice that the book treats both a variable S and its rate of
change SCasintuitiv ely clear concepts,without trying to de ne oneformally
in terms of the other. That comeslater, and seeinghow this is doneis one of
the main points of these rst two chapters. By and large, the studerts seem
to have little trouble with this and accept quite readily the introduction of
a variable designating the rate at which somethingis changing.

Before leaping into the mathematical analysis you might nd it helpful
to solicit from the students their experiencesof the course of epidemics.
They can probably comeup with generalsketches of what the graphs of the
numbers of susceptiblesand infecteds will look like over the course of the
infection, and will probably get into argumerts over whether either graph
will go all the way to O by the end. Before writing down and analyzing any
model, it is good to have establishedsome expectations like this sowe can
tell if the proposedmodel is behaving aswe would want it to.
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Invariably students challenge the model as being simplistic, as they
should. It is important to acknowledgethe truth of the chargelall mathe-
matical modelsof physical systemsare simpli cations|while  simultaneously
discussingthe value of the modelling processnewertheless. While it would
be a mistake to expound at great length on the modelling processat this
stage, somepoints you might want to make are:

1. Even simple models can lead to surprisingly useful insights about the
dynamics of a system.

2. It is usually bestto start with a simple model and then make it more
sophisticated later if the core seemsto capture the essenceof the sys-
tem. You might want (briey!) to solicit suggestionsfor featuresthe
S-1-R model lacks and how they might be expressedmathematically.

3. There is value in qualitativ e predictions as well as quartitativ e ones.
While models in physics can provide very accurate numerical predic-
tions, modelsin, say, ecologyare typically more often usedto capture
the generaldynamics of a systemand predict the kinds of phenomena
one might expect from such a system.

Ultimately, the proof of any model is the quality of the insights it pro-
vides. An elaborate, sophisticated model which doesn't tell us anything we
didn't already know is of lessvalue than an obviously simplistic model which
leadsus to think about the systembeing modelled in new ways.

Pages9 and 10 make a point that isimportant for students to understand:
Once we have a model that seemslike it might capture someof the reality
we are looking at, the subsequeh manipulations of the model belong strictly
to the world of mathematics, and it is mathematical criteria that determine
the validity of what we do. It is only after we have obtained the results
of these manipulations that we look again to the original problem, to seeif
the predictions of the model seemto be consistert with the system being
modelled.

The problems at the end of this section take a lot of time, and you may
want to assign some subset of them. Since problem 18 (There and Back
Again) is referred to in the next chapter, you should be sureto deal with it
in somefashion beforethen.
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1.2 The Mathematical Ideas

How much time you spend on this sectionwill dependin part on your sense
of your students' needfor review. You may want to supplemern the exercises
with drill sheetson someof the algebra involved|some samplesyou could
duplicate are contained in Appendix C of this Handhkook.

Your students should have accesseither to a reasonably sophisticated
graphics package on a computer or to graphing calculators, and this section
is a good place to introduce them to the workings of whichever device you
chooseto use.

This is a good point to begin weaning your studerts from an excessie
dependenceon the slope-intercept form of thinking about lines (which is not
particularly insightful for many calculusapplications), getting them to think
moreinthe y=m- x form. It is essetial for much of what follows that
they cometo think of linear relationships as being characterized by the fact
that there is some xed multiplier m sud that any changein the independert
variable produce a changem times asbig in the dependert variable. This is
a surprisingly di cult shift for someof them to make.

1.3 Using a Computer (or Graphing Calculator)

Care spent in making sure your students feel comfortable using computers
and reading simple programs at the beginning can avoid many di culties
later on. Handouts explaining carefully how to useyour systemare impor-
tant. Prompt feedba& and readily accessiblehelp are crucial. Be careful
not to overload your students at this point|giv e them only the informa-
tion they needto know to do the current problems. While there will be
somewho will be eagerto do things in a sophisticated way, for most of your
students the ner points of editing, saving, and elegart shortcuts can come
later. It is important to remenber that this is not a coursein computer
programming|crude but e ectiv e methods are ne.

Some Historical Notes on the S-1-R Model

The mathematical modelling of diseasedeganin the early part of this cen-
tury. W. H. Hamer in 1906 published an article on \Epidemic diseasein
England" in the medical journal The Lancet (i, 733-9). His model was a
discrete-time model, and was the rst to postulate the so-called ‘massac-
tion principle' (the analogueof a fundamertal principle in biochemistry) in
which the rate of newinfections is assumedo be proportional to the product
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of the number of susceptiblestimes the number of infecteds. In 1908 Ronald
Ross(who also discovered that malaria is transmitted by mosquitoes) pub-
lished a cortin uous-time version of the model in his Report on the prevention
of malaria in Mauritius .

Mathematical epidemiology really got its start, though, in 1927 when
W. O. Kermack and A. G. McKendrick published \A contribution to the
mathematical theory of epidemics" in the Proceedings of the Royal Scriety
(A115, 700-721). This wasthe rst articulation of the S-1-R model as we
are seeingit. It was alsothe rst to dewelop the concept of the threshold
theory.

A number of e orts have beenmadeto t the S-1-R model to actual
epidemics. In their original 1927 paper, Kermack and McKendrick analyzed
the Bombay plague epidemic of 1905-6. This was a se\ere diseasein which
almost everyone who becameinfected died. Using for R% the number who
died eadh week(so R de nitely standsfor removed, rather than for recovered
in this case),they found a very good t.

As a secondexample, in his book Mathematical Biology, J. D. Murray
analyzesthe data on a u epidemicin a boy's boarding school. Sincethe
diseasewas sewere, all infected boys were hospitalized, which made possible
a precisedetermination of | (t) ead day. Out of 763 boys, 512 boys became
sik. He found that he got excellert agreemen of the data and the model
if he assumeda threshold of 202 and a transmission coe cien t of .00218.
Murray's book cortains the graphs of both this example and the Bombay
plague example.

Further Reading

1. Kermack, W.O. and A.G. McKendrick. 1927.\A contribution to the
mathematical theory of epidemics”, Proceedings of the Royal Scciety
A115, pp. 700-721.

2. Kingsland, Sharon. 1985. Modeling Nature. University of Chicago
Press. This is an excellert book for getting a senseof the history of
modeling in biological systems.

3. Murray, J.D. 1989. Mathematical Biology. Springer-Verlag. An excel-
lent resourcewith a good bibliography and lots of projects you could
get your studerts working on by the time they are in the secondor
third semesterof calculus.



32 CHAPTER-BY-CHAPTER COMMENT ARY

Chapter 2. Successive Approximations

The basicidea in this chapter|that when we can't solve a problem, being
able to approximate the answer to an arbitrary degreeof accuracy may be
just as good|requires a radical shift for many students in the way they
think about what it meansto solve a mathematics problem. Until now,
almost every mathematics problem they have encourtered has had a single,
clear answer. It is worth spending sometime on this chapter to help them
appreciate this shift in outlook.

2.1 Making Approximations

In chapter 1, we only consideredvaluesfor t that were an integral number
of days. While this allowed us to predict future and past values,it also led
to the disquieting phenomenonthat when we usedthe model to go forward
oneday to get newvaluesfor S, I, and R and then applied the samemodel
to these new valuesto go badk one day, we didn't end up at our starting
point. This dicult y is usedasthe motivation to usevaluesfor t of less
than one day.

At this point many mathematicians get quite concernedabout the le-
gitimacy of this fairly casualtransition from the discrete to the corntinuous.
After all, wasn't the original model developed on an assumption of gathering
data on a daily basis? Besides,what are we to make of all those fractional
people (this issueeven occursin the previous chapter)? Both concernscan
be addressedin part by reminding the students that we are now dealing
with a mathematical object|the modelland that while all manipulations
have to be mathematically defensible,it is only at the end, when we want
to ched the appropriatenessof the model, that we ched the results with
the original system. A secondobsenation is that it is often helpful to think
of the numbers generatedby the model as being average values, which can
quite legitimately be non-integers, resulting from a number of trials of the
original system. As for the rst concern|ab out the tension betweenthe dis-
crete and the corntinuous|this doesnot seemto be an issuewhich troubles
the students. Here as elsewhere|t is probably not helpful for the teacher to
raise objections beforethe studerts have run into situations which make the
objections real for them.

The term ‘limit" is rst introduced in this section. It is not de ned,
except by example, and its useis meart to be a corveniert shorthand for a
phenomenonwhich is already clear to the studert. In this chapter students
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seenumbers emerging as the limit of a sequenceof other numbers, they see
curves emerging as the limit of a sequenceof other curves, and they see
functions emerging as the limit of a sequenceof other functions. In every
case, though, the limit only emergesthrough the approximationsjat no
point is there an independert expressionfor it. The standard { de nition
of limit thus is not appropriate, sincewe don't know the \answer" L to see
how closewe are comingto it. Our de nition (which is madeformally only in
chapter 10) is essetially that of Cauchy. The existenceof a limit is inferred
from the fact that asmore and more detailed approximations are made, more
and more digits of these approximations become xed. The limit can thus,
in principle, be expressedio any nite degreeof accuracy but in generalit
cannever be known in its ertirety. This is in fact a much more realistic view
of limits in terms of the way they actually occur in many applications.

Teaders are strongly urged to be fairly casualin their use of the term
at this point. Most students have a vague intuition of what limit means,
and it is one of the chief goals of this courseto increasetheir experiences
with this conceptto the point where the “real' de nition almost feelslike a
statemert of the obvious. While we can all think of caseswhere a string of
terms in a sequenceof successie approximations appearsto be xed to a
certain number of decimals, when in fact the approximations are still quite
bad, this is not a concernthat immediately arisesfor the studerts. If we can
wait for our students (rather than the teacher) to askthe question\How do
we really know that those 6 digits will remain xed forever?", the question
will probably receive a much more receptive hearing. We would recommend
teadcherly restraint on this crucial question until it arises from the class,
perhapsnot for a month or so.

At this point many studerts respond to a problem by running one ap-
proximation with what they perceive to be a small value of t and assuming
that the resulting answer will have to be closeto the true answer. It is im-
portant to stressthat a single appro ximation gives no information
about the answer. It is only when one has a sequenceof approximations,
by seeinghow much agreemen there is betweenthem, that one can beginto
dewelop a senseof where the answer really lies. A related point is that stu-
dents should be strongly discouragedfrom writing down meaninglessdigits
in reporting their answers. Just becausethe computer or calculator gives
them 8 decimalsdoesnot necessarilymeanthat all of thesedigits are signif-
icant. We have found that for many students deweloping a reasonablesense
of the concept of signi cant gures requires a great deal of experience, but
that most of them do dewelop a good feel for it after a month or soif the
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teadher is insistent on the subject from the beginning.

Problem 2, which focusesthe student's attention on the near-linear re-
lation between t and the changein the approximation is useful to spend
sometime on. The fact that the changesin the approximation respond so
predictably to changesin t is very suggestie that a limit is indeed being
approaced. We have found it helpful to get the studerts to guessthe value
of the approximation for a newvalue of t beforerunning the program asa
way of recognizingthe pattern.

An important byproduct of this approad is that students develop a very
real appreciation of the tradeo betweenthe degreeof accuracyto which the
limit can be known and the cost, in terms of time and equipmert, to obtain
sudh accuracy

While most students nd the notion of piecewiselinearity to be fairly
straightforward conceptually, many nd dealing with it algebraically to be
quite hard. Teaders should therefore assignproblems 4{8 only if they are
willing to spend a fair amourt of time preparing their studerts to make the
algebraic translations. Someteachers may seethis as an excellert oppor-
tunity to work on students' algebraic skills, while others may feel it is too
much of a diversion.

2.2 Euler’s Method

Here is the fundamental tool for much of the rest of the course. By the
time the students reac this point, Euler's method should largely feel like a
summing-up of ideasthey have beenworking with for sometime. The key
point to stresshereis that simply nding one approximate solution, even
with a very small value of t, giveslittle information. It is important to
have a sequenceof approximations that can be comparedwith ead other
before we can get somesenseof how good they are.

2.3 Approximate Solutions

This sectioncortin uesthe discussionof successie approximations in a couple
of new settings: nding arc length and nding squareroots. The real point
being made here, besidesadditional exposureto a new idea, is that the only
way we know most numbers|ev en familiar numbers with names,like or
V2|is by someprocesswhich allows us to determine as many decimals as
we need (at a cost!). Even these familiar quartities aren't known in any
dierent way from the way we now know the value of S(3) in the S-I-R
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model. This is also probably the rst time most of the students will have
seenhow lots of digits of a number like can be determined (a problem
which is revisited in the secondsemester,with more e cien t techniques).

This section also gets the concept of an algorithm out on the table.
Sincethis is a certral theme of the course|that numbersand functions are
computable from rst principles using somesort of e ectiv e rule for deter-
mining the quartity to any predetermined level of accuracyl|it is helpful to
have this term available for future reference.

Chapter 3. The Derivative

One of our certral premisesis that the idea of the derivative is separable
from and more fundamental than the processof di erentiation. Far too
many students carry away from a rst semestercalculuscoursenothing more
than the magical formula they are likely to recite as\x" = nx" 1." They
have no geometric understanding and no appreciation for how the derivative
relates changesin independert and dependert variables. In fact, though, in
scieni ¢ cortexts it is much more common to be given information about
the rate at which a function is changing and from there try to determine the
functionjas in Newton's laws of motion or Maxwell's equations|than it is
to be given a function and from there nd its derivative. For that reason,
we spend considerabletime working with derivativesbeforewe intro ducethe
di erentiation formulas.

The key elemen of our treatment is that students have useof a graphing
utilit y which allows them to \zoom in" on a curve and seethat it evertually
seemgndistinguishable from a straight line. We then de ne the derivative of
afunction at a point to bethe slope of the curve at that point|i.e., the slope
of that straight line the curve is clearly becoming. There are three things
to emphasizehere: the de nition is fundamertally geometric, it requires
no mertion of a tangert line, and it only makes sensefor a locally linear
function.

Thanks to the computer graphics, this idea of the slope of a curve is com-
pletely natural to students. The existenceof the limiting straight line (and
its slope) asthe student zoomsin closerand closerto the point in question
is clear, and the traditional de nition of the derivative aslimayxr ¢ y= X
is merely the analytical expressionof what is geometrically obvious. Thus
this treatment is explicitly linked to the geometry (and to visualization),
and it doesn't have to ght with fears about dividing by zero or contend
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with confusing argumerts in which sometimesit's okay to set x = 0 and
sometimesit's essetial that x is not zero.

There is nothing to be gained, we feel, to intro duce another geometric
object, the tangent line, at this time. If the curve itself is linear (if we only
look closely enough!), why intro duce another elemen? Tangen lines appear
for the rst time in chapter 5.5, in the discussionof Newton's method for
approximating a root of an equation. There, in a neat reversal of the usual
roles, the tangent line at a point is de ned as the extension of the locally
linear approximation at the point.

The restriction to locally linear functions is, in fact, a restriction. We
know that there are functions which are di erentiable at a point but not
locally linear there. Students, howewer, do not know enoughyet to generate
exampleslike these. In fact, it was many years after Newton and Leibnitz
beforemathematicians discoveredthe pathologiesthat occur when functions
have derivativeswhich are not themselescontin uousfunctions. We thusfol-
low our practice of not raising issuesbeforestudents encourter the situations
that prompt them.

We emphasizethroughout that a derivative has three meanings: it is
a rate, it is a slope, and it is a multiplier. By this last term we mean to
ewoke the fundamertal relationship we call the microsmpe equation: y =~
yo- X. The microscope equation, of course,underlies Euler's method, and
the students' familiarit y with Euler's method in turn preparesthem for the
microscope equation.

3.1 Rates of Change

In chapters 1 and 2 students should seethat rates are important quartities
becausehey provide a natural languagefor describinga changing world and
becausethey permit us to make predictions. In this section, howewer, rates
areintroducedafreshand in adi erent setting: basedon a table of data. We
start with a naive rate, the changein the time of sunsetin minutes per day,
given by a di erence quotient. The useof a data table rather than a formula
in this rst exampleboth makesthe point that functions can be speci ed by
data and illustrates how rates give natural descriptionsof the data. The fact
that the rate itself varies with time is familiar from traditional treatments.
Note, howewer, that we don't yet call attention to the fact that theserates
are averagerates.

This is a short, readable section. You can ask studeris to read it and
do exercisesl-7 (on a falling object) and bring their solutions to classfor



CHAPTER 3. THE DERIVATIVE 37

discussion. If you have longer than a 50 minute period, you might start
section 2 the sameday.

3.2 Microscopes and Local Linearity

To study the slope of a curve, students needa tool, the graphing utilit y with
a zoom capability. We speak of it asa microsmpe for studying the graph of
a function. With the aid of the microscope, studernts seeeasily that most
graphs are locally linear. They also understand quite readily that the rate
of change of the function is the slope of the straight line they seeunder the
microscope.

After thesepreliminaries, the successie approximations to the slope (or
to the rate) appear, and the studert is now on fairly familiar territory , thanks
to chapter 2. Finally (page 99), the slope (and the rate) at a point is de ned
formally asthe limit of thesesuccessie approximations asthe magni cation
increases,.e., as X approadeszero.

Somestudents nd the pictures of successie magni cations in this sec-
tion of the text confusing, but the confusionclearsup right away when they
experiment with the \microscope." Beware of studerts trying to do the ex-
ercisesalgebraically only. They really needto see the graphs.

There are, howewer, three cautions for the teadcher in this section.

Roundo error. Sincethey will be dividing by small humbers, roundo
error becomesparticularly problematic in this section. This often is
manifestedin the following form: the studert is calculating a sequence
of valuesfor y= x for smallerand smaller x. The quotients appear
to be converging nicely, with more and more decimalsbecoming xed.
Suddenly, though, a point is reached wherethe results beginto diverge,
bouncing about with no apparernt pattern! This typically occurs be-
causethe student has begunto usevalues of x so closetogether that
the limitations of the computer or calculator display meansthat the
digits reported for the y-valuesare so closethat the corresponding vy
is missing somecrucial digits, and the computed ratio y= X is less
accurate than the ratio computed with a larger x. (This problem is
much lessof a dangerin the approximations of chapter 2, which is one
of the reasonswhy there is a real advantage in beginning with other
successie approximations like thesebeforeconsideringthe derivative.)

Signican t gures. Studens too often either unthinkingly write down all
the digits the computer givesthem or discard them capriciously. Since
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dividing a small y by asmall x meansthat most of the informa-
tion in the coordinates of points on a curve lies in the later decimal
places,this is a good time to insist that students usesigni cant gures
appropriately.

Tedium. Doing lots of arithmetic is boring. At what point should the nu-
merical computation of slopesbe automated? You will have to decide,
and the answer will be dierent for di erent students. You must bal-
ancethe tension betweenthe tedium of the repetitiv e calculations and
the mindlessnessthat can take over when the student just pressesa
button to get the result.

Selectfrom amongparts of problems 1-5, but it is bestto include at least
onepart from ead of the rst 3. Theseexercisesreinforce the limit ideas of
chapter 2 as well asthe new ideasin this section. The graphical problems
6-10are very important, but it is not necessaryto do all of them. Problems
11-15concerningthe failure of local linearity are lessessetal.

3.3 The Derivative

This section has two important purposes.First, it codi es the ideas of the
rst two sectionsand intro ducesthe standard languageand notation for the
derivative. Thus we formally de ne the derivative of the function f (x) at
x = a (provided the function is locally linear there) to be the rate of change
of the function at that point, which is the sameasthe slope of the graph at
(a;f (a)). Our emphasison arriving at the slope from the graph makes most
natural the following analytic form of the de nition:

f(a+ h) —f(a—h)
2h

although the standard form of the di erence quotient appearson the next
page (seepp. 107, 108).

As students can seefor themselesin exercise3, the \t wo-sided" form
given rst is actually more computationally e cien t. Of coursethe two forms
agree,provided the function is locally linear at x = a. Becausethe absolute
value function is readily available, the better students will notice that the
\t wo-sided" di erence quotient can have a limit when the \one-sided" one
doesnot; we advise not raising the issueuntil then (although you can stack
the ded a little by being sure your students look at the exercisesin 3.2
wherelocal linearity fails).

fQa) = lim
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The secondimportant purposeis to give formal expressionto the im-
portance of local linearity for estimation (and Euler's method) via the \mi-
croscope equation.” Becausethe equation y ~ fqa) x is soimportant,
we found we had to give it a name so we could refer to it. Although the
languageis non-standard, students nd it helpful and easyto use. They nd
the local coordinates di cult at rst, but gradually this gets better.

Note that if the graph of a function is vertical at a point, we say the
derivative is in nite there, so locally linear and di erentiable are exactly
synornymous.

You can pro tably spend two days on this section, one on computing
derivativesand one on the microscope equation. After substartial work with
a graphing utilit y in section 2, the numerical exercises2-5 are meaningful to
students. Note that problem 2 is neededfor problem 10. Problems 6-8 on
the exponertial functions are referredto later, in 4.3. Students nd problem
11 very illuminating.

3.4 Estimation and Error Analysis

This section reinterprets the microscope equation in terms of error (and rel-
ative error). It is our experiencethat even very bright students do not carry
away from a standard calculus coursethe important ideathat the derivative
gives them a way to gaugethe e ect of a changein x on the dependert
variable y. When given an explicit functional relationship betweenx and y
and a question about how an error in measuring x a ects the accuracy of
the determination of y, they had no idea that the derivative of the function
could help them answer the question.

This section also shows students that it would be useful to have a con-
veniert way to obtain the value of the derivative of somesimple functions,
thus paving the way for the formulas in section 5. Someof us revisit the
exercisesin section 4 after section 5. A selection of exercisesis su cien t;
many students nd exercises8 and 9 particularly engaging.

3.5 A Global View

The key idea hereis that the derivative of a function is a function, and there
are two approadiesto nding the derivative function. There are the familiar
formulas, but also considerableemphasisis placed on sketching a qualitativ e
graph of the derivative of a function basedonly on a graph of the function.
You can pro tably spend two full days on this section, and we recommend
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that you spend the rst of them concerrating on the qualitativ e, graphi-
cal approach. This graphical exerciseis very hard for many studernts, but
when they master it, their understanding of the derivative is substartially
strengthened. It is important, though, to be surethat students really under-
stand what the slope of a straight line is and can visually estimate slopes of
lines. The exerciseson lines in 1.2 and the appendix are valuable, and some
students might pro tably revisit them now.

Students who have had somecalculus will try to guessformulas for the
functions given graphically and then write down formulas for their deriva-
tives. It is important to discouragethis, since we are trying to dewelop
students’ geometric understanding of what the derivative means.

Someinstructors alsointro ducethe product and quotient rules (in chap-
ter 5) at this point. Others have derived the formulas for a few derivatives
(e.g., of x? and x3) here (again, in chapter 5). There is considerable exibil-
ity on this, aslong asthe ideasof the derivative asrate, slope and multiplier
are well-established,so they don't get lost in the di erentiation rules.

Student weaknessedn algebrawill often shawv up here, especially in ma-
nipulating exponertial notation. Becausethis text shifts the emphasisaway
from algebraic computations, this may be the rst time you really confront
thesedi culties. Depending on your students' strength in algebra, you may
want to dewote a full day just to the medanics of di erentiation; additional
drill is in Appendix C.

3.6 The Chain Rule

Although we deferthe product and quotient rulesto chapter 5, we treat the
chain rule here becauset grows so naturally out of the microscope equation
and the idea of the derivative as multiplier. In fact, the argumert for the
chain rule that is given here can be made precise (but the precision is not
appropriate in this course,in our view).

The expandinghouseproblem providesthe context for the questionabout
combining rates of change,and the microscope equation providesthe answer.
The useof units reinforcesthe naturalnessof the multiplication of the rates.

The chain rule is given rst in Leibnitz notation, since most of us have
found that easier for most students; the version in functional notation is
given aswell, and somestudents nd that easierto use. We usually spend a
single day on the chain rule, with additional problems reappearing in later
homework assignmerts.
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3.7 Partial Derivatives

This is a modest introduction to partial derivatives, emphasizing rate of
change and the multiv ariable microscope equation. In our original vision of
this course,we wanted to emphasizethat multiple variables arise naturally

and that the ideas of the calculus extend readily to the multiv ariable case.
Howewer, we found that we got so boggeddown in 3-dimensional geometry
that the shapeofthe rst semestemwastoo distorted. Sowe have deferredthe

geometry until chapter 9. We do make free use of multiv ariables, wherever
they are natural, and we nd students can master the idea of holding all

independen variables but one constart and observingthe e ect of changes
in the remaining one. The multiv ariable microscope equation also seems
natural to them, although they have to think about it carefully. One day

is enough for this section, and it can be omitted without harm. Partial

derivatives appear again in 5.2, which is also skippable.

Chapter 4. Differential Equations

Here we return to the certral theme of the course, di erential equations.
But this is not simply a reprise. In fact, there are two fundamental (but
somewhat subtle) new ideas at work here. The rst is the idea that di er-
ential equationsde ne functions, and the secondis the notion of a solution
to a di erential equation.

4.1 Modelling with Differential Equations

In this sectionthe students get a wealth of experienceusing di eren tial equa-
tions to de ne functions, in constructing solutions to di erential equations,
and in studying the properties of those solutions. On the surface,the empha-
sisis on modelling issuesusing a variety of population models of increasing
sophistication and complexity. In fact, there is an interesting \meta" version
of successie approximation herein the successiorof models, ead capturing
more of the complexity of the reality being described.

A secondgoal of this section, though, is to give the students su cien t
experience using Euler's method to produce functions to drive home the
point that di erential equationsreally de ne functions. In many branchesof
science,functional relationships are naturally expressedhrough di eren tial
equations. While it is corveniert when there are ways to obtain closedform
solutions to sudh equations, this is often not possible,and it is important
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that our studerts realizethat in such caseswe can still go aheadand explore
the nature of the functions involved. This theme is treated explicitly in
section 3.

Exercises4 and 5 arereferredto in section2. Exercises12-14on Newton's
Law of Cooling arereferredto in section2in exercisesl0-13. This exerciseset
is a rich sourceof laboratory explorations: there is real meat to investigate
here. Students particularly enjoy problems 8-11 on fermentation, for the
guestionsare very real to them. A special caution is in order on problem 6,
the May model. It is easyto create over ow problemsby using too \coarse"
a t.

4.2 Solutions of Differential Equations

Until this chapter we have useda di erential equation as a description of a
physical problem, and, via Euler's method, as a procedure for constructing a
solution to the problem. Howewer, a di erential equation can also be viewed
asposinga problem: nd a function (or functions) which, when substituted
into the equation, makesthe equation true. That a function produced by
Euler's method does satisfy the di erential equation seemsalmost obvious
by the very construction (although the actual proof of the fact is slightly
tricky). The new questionraisedin this sectionis how to determine whether
a function not given by Euler's method|for examplegiven by a formulalis

a solution, and to anticipate the question of how one goesabout nding sudc
solutions.

Having a formula for the solution hasa number of bene ts. The obvious
one is that it is often much faster to obtain, and is usually much easier
to write down and visualize than a numerical solution. Another important
feature of closed-formsolutions is that they make it much easierto explore
the impact of various parameterdinitial  conditions and coe cien ts|used
in the di erential equation. We try to exploit these bene ts.

Sincefew anti-di eren tiation methods are yet available, we do very little
hereabout nding solutionsto di erential equations. In chapter 11, however,
we intro ducethe technique of separation of variablesand useit to nd closed
form solutions to a number of di erential equations,including seeral arising
in this chapter.

An important theoretical issueis articulated on page 181 { what we call
the existen® and uniquenessprinciple for the solution of an initial value
problem. We don't call it a theorem for two reasons: the statemert lacks
the precision a theorem requires, and we give no proof. The lack of preci-
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sion \What do you mean by “Under most conditions ..."'?") will bother
someteadhers and a few studerts. In earlier versionsof the text we actually
tried to discussthe hypothesesthat are necessaryto guarantee existence
and uniqueness,but we have becomecornvinced that this goestoo far for
beginning studerts. At the sametime, this principle is an expressionof
an intuition that the students have beendeweloping experiertially from us-
ing Euler's method to solve a number of initial value problems, and it is
important to reassurethem that this approac is generally e ectiv e.

If you have students who really want to know why the method doesn't
always work, there is a handy counter-example embeddedin exercisesl4 {
16 A Leaking Tank at the end of this section (pp. 195 and 196). If you use
the rate equation of problem 14

VALY = —ky/V(b);

but changethe initial condition to
V(C)=0;

where C has the value determined in problem 16(b), then the initial value
problem has two solutions { the one they've beenlooking at all along, and
the new solution V (t) = 0 for all t.

Problems 6-9 foreshadav the developmert of the exponertial function in
section 3. The problem sequenceon falling bodies is revisited in section 3.
The example of the oscillating spring occurs again, in much greater detail,
in chapter 7, although that treatment is independert of these problems.

4.3 The Exponential Function

In this section we make explicit the important point that di erential equa-
tions can be usedto de ne functions, using the exponertial function as our
chief example.

The exponertial functions are solutions of the di erential equation y°=
ky. We give two independert dewvelopmerts of thesefunctions.

In the rst, we start with the functions y = b*, which studernts have
been studying since chapter 1 (see 1.2, problem 14). They already know
that y = b* satis es the di erential equation y°= kpy, wherek, = yX0) (see
3.3, problems 7 and 8). With this solution in hand, we can nd out many
interesting things. For example, e is the special basefor which the constart
kp = 1, and (on page203) we obtain e = limp;;  (1+ 1=n)" by using Euler's
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method to solve the the initial value problem y°= y and y(0) = 1. Notice
that (modulo the existencetheorem for di erential equations)we know this
limit exists.

Someteadhers may want to stop here: we have the exponertial functions
and their properties, we have the special basee, and we have the solution
y = Cé&X* to the initial value problem y°= ky and y(0) = C. Others will
want to corntinue for two reasons. One reasonis that the seconddewelop-
ment directly usesthe initial value problem y°=y and y(0) = 1 to de ne
the exponertial function, driving home the idea that di erential equations
de ne functions. This is a way of thinking that is particularly important for
students continuing in physicsand engineeringto dewvelop. There is another
important reason. A small minority of our students particularly enjoy the
sophisticated reasoningand the interplay of abstract ideasthat so many of
us love in mathematics. Sud students delight in the secondtreatment.

A natural stepin this chain of inferencesrequiresthat the function giving
the solution be continuous. Continuity occursagainin 5.3in the discussionof
the existenceof extremes. Even more importantly, the crux of the argumert
(seep. 207) is that the solution to the initial value problem y° = y and
y(0) = C exists and is unique. The notational complexity alone is more
than most students can handle at this level. Following this argumert is
challenging for many studerts.

You should note that we give a third treatment in 10.3, nding a series
solution to y° = y and recognizing the Taylor seriesfor the exponertial
function.

Exercises8{10 revisit models rst seenin 1.2. Problem 13 leadsstudents
to a formula for the solution to the di erential equation modelling Newton's
law of cooling; problem 15 doesthe samefor the model for a falling body
with air resistance. Additional drill problems on exponertials are in the
appendix.

4.4 The Logarithm Function

The problem of nding the doubling time of a population leadsnaturally to
the de nition of the natural logarithm as the inverseof the (basee) expo-
nertial function. In the era of numerical calculators, many of our students
are quite usedto the idea of an inversefunction, becausethey have learned
to usethe key marked INV on their calculators. A geometric argumert is
usedto nd the derivative of the logarithm, and the argumert is repeatedin
a discussionof the generalrelationship betweenthe derivativesof a function
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and of its inverse.

Exercisesl and 4 o er practice in manipulating and di erentiating log-
arithms and exponerts; more drill is in the appendix. Problem 24 compares
growth rates of exponertial functions with di erent bases,revisiting ideas
from section 3.

4.5 The Equation y°= f (1)

Section 5 de nes the antiderivative as a function and gives a more formal
introduction to antidi eren tiation. But the crucial elemen here is Euler's
method for solving di erential equations of the form y®= f (t), leading to
programs for nding the accumulated changein a solution y. Here we have
the essetial foundation for our treatment of the fundamental theorem in
6.4.

We have two methods for solving the dierential equation y° = f (t).
First we cansolve it by nding an antiderivative for f (t). Secondwe canuse
Euler's method to nd a solution. We call the numerical program adapting
Euler's method to this situation TABLE (seep. 236). The identical program
reappearsin 6.4 asthe program for computing a left-endpoint Riemann sum;
the programs TABLE and RIEMANN appear side by side on p. 357. It
is enormously satisfying to seethe delighted \aha!" of our students as we
prove the fundamental theorem of calculus by observing that the limit of
left-endpoint Riemann sumsis the sameas the solution of an initial value
problem by Euler's method.

Further Reading

1. There are a number of interesting books available on mathematical
population biology which can be referred to at this point. Murray's
book mertioned in the discussionof chapter 1 is a good source,as are
someof the other books mertioned in the Further Reading section of
chapter 8.

2. Clark, Colin W. 1990. Mathematical Bioeconomics: The Optimal Man-
agementof RenewableResources, 2nd edition. John Wiley & Sons,Inc.
This is an interesting book with a di erent set of applications, partic-
ularly in the rst few chapters, which can be explored by studerts at
this level.
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Chapter 5. Techniques of Differentiation

In this chapter are all of the standard di erentiation rules and (often in
the exercises)their proofs. You can incorporate someof this material into
chapter 3 at your discretion (although exercisesften include the exponertial
and logarithm functions, which are not introduced until chapter 4). Most
of us nd, howewer, that it works well to treat the material on graphing,
optimization and Newton's method after chapter 4, to emphasizethe way
chapter 4 draws together the ideasfrom the rst three chapters.

5.1 The Differentiation Rules

The only formulasin the sectionwhich are new are the product and quotient
rules; all except the derivatives of the exponertial and logarithm functions
appear in 3.5. Many of us consider calculations like those on page 243 for
the function f (x) = x3 when we treat the formulas in 3.5. Otherwise, we
think proofs of the formulas are best deferred to this point of the course,
sincetoo much algebra can drive out the geometric intuition we are trying
to build at the start.

Note that heuristic argumerts, as well as formal proofs, are provided in
a number of cases.Especially at this stage of our students' developmen, we
think that the most important function of a proof is to strengthen under-
standing, rather than merely to validate a statemert, sowe concerirate on
argumerts, formal and informal, that reinforce the ideasand give students
a way to think intuitiv ely about them. Also important is the text example
shawing that the rules for the derivatives of sums, products and quotients
(and the chain rule) can be useful even when formulas are not available.
Additional drill problems are provided in the appendix.

Problems 13{21 lead students through proofs of a number of the di er-
ertiation formulas; most of us assignonly a few of these. Problems 22{25
intro duce the second derivative and second order di erential equations.

5.2 Finding Partial Derivatives

The only thing newin this brief sectionis the useof the product and quotient
rules in nding formulas for partial derivatives. The extended example on
eradication of diseasereinforcesthe meaning of the partial derivative.
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5.3 The Shape of the Graph of a Function

This section preparesthe student for the optimization in the next section by
codifying the obsenations already made about the relationship betweenthe
derivative of a function and the shape of the graph of the function. Note
that the de nition of critical point includes a place where the derivative
is innite (recall that for us a locally vertical function is di erentiable).

It also explicitly introducesthe idea of a continuous function, and makes
the distinction between open and closedintervals. Becausewe resene the
term \theorem" for something we actually prove, we speak in this section
of the \principles" governing the existence of extremes. By this time in

the semester,students have had considerableexperienceinformally nding

extremes, and most nd these principles natural and corvincing. Because
it is lessgeneral, and becausestudents nd deducing it very satisfying, we
have resened the \second derivative test" for the exercises.

Throughout this section and the next we encouragestudents to con rm
the results of their calculations by using a graphing utilit y to produce the
graph of the function they are studying. Studerts with weak algebra skills
will have trouble in this section, but we advise against getting boggeddown
in algebra.

5.4 Optimal Shapes

This brief section provides an extended example of a geometric optimization
problem, and all of the exercisesare geometric. More of the traditional
optimization problems are in supplemer (1.2c¢) in Appendix C. Many of us
put students to work on these supplemertary problems (christened \one-a-
days") early in the semester.Algebraicizing the verbal descriptionsis a useful
exercise,and they can get practice with the graphing utilit y by graphing the
functions they nd and determining extremes by inspection. Those of us
who do this return to thesesupplemenary exercisesin this section.

5.5 Newton’s Method

Newton's method is introduced as a tool to nd critical points by solving
f {x) = 0, but it carries more pedagogicalbaggagethan that. In this sec-
tion we introduce the idea of the tangent line at a point as the extension
of the local linear approximation at the point. The algorithm reminds stu-
dents about successie approximation and the use of the computer loop,
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which preparesthem well for the return of computing in chapter 6. A single
laboratory period on Newton's method can achieve these goals.

Exercises2-5 contain considerablehistory, and many of us encourageour
students to read all of them, even though we usually do not assignthem
all. Problems 10-15return to the S-1-R model and provide an extended
exploration.

Chapter 6. The Integral

This is a long chapter with many ideasand an approac which we have found
very e ective. First time usersof these materials will nd the approac
nonstandard and we strongly urge that you read the chapter in its entirety
before beginning to teach it.

If you are using the chapter as the end of the rst semester,you will
encourter far fewer di culties than if you are using the chapter asa rst
chapter of the second semesterin which some of the students have had
a standard rst semestercourse. In the latter case, we recommend that
you spend a couple of classmeetings going over Euler's method for solving
di erential equations|this material will be newto students coming from the
standard calculus courseand is essetial for understanding the main point
of the chapter.

All the examplesdeweloped in the rst sewral sectionstake the same
form: we want to calculate the accunulated value of somequarntit yjh uman
e ort, work, energy consumed|that is the product of a rate and a time
interval, wherethe rate is changing. This givesa concreteway of visualizing
the processand leadsalmost trivially to the connection between antidi er-
ertiation and accumnulation.

6.1 Measuring Work

We recommendthat you stressthe notions of work and energyand take care
to emphasizethat the processof interest is that of accumulating work and
energy It is important to underline for the students that they are dealing
with a product in which one of the factors is varying.

6.2 Riemann Sums

We begin by expanding the examplesof §1 to approximating distance trav-
elled, areasand lengths. Of course,the goal is for students to seethe similar-
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ities betweenthe di erent typesof accunulation, sothis is what you should
stress. It is worthwhile to go over the stepsin the program RIEMANN and
have the students work someof the problems4-12in class. The point of all
this is to have the students cometo seea Riemann sum as a basic object
of interest in its own right. This is especially important psycologically for
students who have had a previous calculus classand who have carried away
the notion that the Riemann sumis somethingto be muddled through before
getting to the real stu .

6.3 The Integral

This section consolidatesthe material in section 2, with an emphasison
visualizing the integral. The truly new elemen here is the error bound.
This is the rst time we provide an honest-to-goodnessproof of cornvergence
(pp. 339 - 345). Section 3 also includes the integrations rules for sums,
di erences and constart multiples of functions. Exercises9 and 12 are well
worth having the students do in class.

6.4 The Fundamental Theorem

Most students nd this section a revelation, and we have had many wax

eloquert on course evaluations. In class you should actually display, side
by side, the programs RIEMANN and TABLE, ason p. 357. This is the

proof of the fundamental theorem of calculus, and it never fails to create a
deepimpression. The point, of course,is that two di erent looking processes,
computing left-endpoint Riemann sumsfor f and Euler's method for solving

the dierential equation y° = f (t), are actually the same. After this, the

section on antidi eren tiation comesas an anti-climax, but can be fun to

cover. The short section on parameters should not be overlooked. Avoid

the temptation to spend more than one classon this materiallit is easyto

undo all one's careful work and leave the student with the impressionthat

integration is really just antidi eren tiation!

Chapter 7. Periodicity

After a brief overview of some of the contexts which naturally exhibit pe-
riodic behavior, the chapter describes the sine and cosine functions. The
bulk of the chapter is dewoted to somesimple di erential equations whose
solutions are periodic functions. The key ideasthat the student should carry
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away are the notion of periodicity, the properties of the sine and cosineas
the simplest periodic functions, and the key role of di erential equations
in modelling periodic behavior. Many of us cover chapter 12.3 (The Power
Spectrum) as part of this chapter. Here are somespeci ¢ commerts on ead
section. Seethe commerts about 12.3 for detailed remarks on the power
spectrum.

If you are still using Basic programs rather than commercial software to
solve the di erential equationsthat arise, we strongly urge that you move to
a Runge-Kutta algorithm rather than continue with Euler's method. By now
your students should have a very good feeling for how Euler's method works,
and the increasedaccuracy of Runge-Kutta will make many of the points of
this and the following chapters much more clearly and rapidly. Appendix E
contains a TrueBasic Runge-Kutta algorithm which you can adapt to your
system.

7.1 Periodic Behavior

This section is straightforward and needslittle commer. We underscore
the importance of preseriing lots of examplesof periodic behavior. We feel
that it isimportant to point out explicitly that real world data are frequertly
noisy and that it is sometimesdi cult to tell if somebehavior hasa periodic
componert. (Pursuing this questionleadsnaturally to the methods detailed
in chapter 12.3.)

7.2 Period, Frequency, and the Circular Functions

The sineand cosineshould be presenied asthe simplestnonconstan periodic
functions. Although students will have seenthese functions in high scool,
they frequertly have very hazy ideasabout what frequency period and cycle
meanin connectionwith thesefunctions. We adviseyou not to skip the table
of physical interpretations of amplitude and frequency of sine and cosine
functions in various cortexts. You may want to give further examples.

Exercises7 and 8 are usefulfor linking the material to the previous chap-
ter on integration. Studerts will be hesitant about 7e) and 8b)|encourage
them to consult one another. If you chooseto do §3 of Chapter 12, then
students should do exercise20 (and possibly 21, 22, and 23). They should
not attempt these exerciseswithout doing 7 rst.
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7.3 Differential Equations with Periodic Solutions

This sectionis the heart of this chapter. Remenber that many students will
not have had a physicscourse,and those that have will frequertly only half
remenber some poorly understood formulas. Make sure that they under-
stand what pendulums, vibrating strings and springs are. Being scrupulous
in the useof units is a useful way to keepthe context in mind at all times,
and to make surethat students can chek equationswith reality.

This is the rst time students nd out how to obtain values of sine and
cosineto high levels of accuracy and they are usually delighted by this useof
Euler's method. It is worth taking time to make sure that they understand
thisly ou may nd that you have to review Euler's method (especially if
you did not do so when discussingthe integral, or if you begin the second
semesterwith Chapter 7).

Likewise, we recommendthat you do not skip the discussionof May's
predator-prey model. The fact that the frequency and amplitude do not
depend on the initial conditions is striking (and is also important as an
example of the behavior of periodic behavior in generic solutions). If your
students are still using Euler's method (as opposedto more sophisticated
software) to solve these equations, remenber that too large a value for t
leadsto over ow problems.

The sectionon proving that a solution is periodic is perhapsbesthandled
as a reading exercise,with a brief review and some of exercises18-23 done
in class. (Exercise 24 is best left for homework or extra credit.) Make sure,
howewer, that students grasp the key notion of a rst integral|it pervades
physics.

Further Reading

A good discussionof the question of whether or not animal populations
really exhibit periodic behavior is JamesPatrick Finerty's The Population
Ecology of Cyclesin Small Mammals (1980 Yale University Press). It also
has a very useful bibliography.

For other references,consult the Further Reading section at the end of
chapter 12.
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Chapter 8. Dynamical Systems

In this chapter we resumeour systematic investigation of systemsof di er-
ential equations, intro ducing some of the basic conceptsfor thinking about
sudh systems. One exercisethat someteachers have usedwith considerable
successs to assignjournal articles using theseideasfor the students to read
and interpret. Many students nd it very exciting to seethat the tools they
are acquiring are actually usedby working researtiersin a variety of elds.
The further readingsat the end of this chapter list somearticles which have
worked well in this way.

8.1 State Spaces and Vector Fields

Until now, when we have solved a dynamical systemwe have expressedthe
solution by plotting the di erent variables against time. In this chapter we
intro duce the concept of state space, where we suppressthe time axis and
use as coordinates the values of the dependen variables. The solutions are
called tra jectories , and the state spacecan be decomposedinto a disjoint
union of all possibletrajectories. We review the concept of rst integrals
to seethat wherethey exist, they give us the equations of the trajectories.

For those still using Basic programs, it is easyto emphasizethe sim-
plicity of the ideasinvolved sincethe studernts will only needto changethe
PLOT command in the programs they've been using all along to solve dif-
ferertial equations. Many of you, though, will by now have moved to more
sophisticated software packagesof one sort or another which can plot vector
elds and trajectories. It is important that you point out to your students
that the underlying concepts are still essetially those of Euler's method.
Beware, though, that if one strictly usesEuler's method with systems|lik e
the Lotka-Volterra predator-prey model or the undamped pendulum|that
have rst integrals, the trajectories may look like spirals rather than the
closedloops they ought to be. While for any given time interval, the ap-
pearanceof such spirals can be made to disappear by using small enough
valuesof t, it is an inherent problem with Euler's method. Appendix E
contains a simple TrueBasic program to draw vector elds.

Note that we are continuing to assumeimplicitly that there is a unique
solution for any given set of initial conditions. If you have a fairly sophisti-
cated classyou might want to point this out to them and look at caseswhere
this breaksdown. They even looked at sud a casebadk in problems 14 and
15]A Leaking Tank|of chapter 4.2, although this point was not made at
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the time.

The other important conceptintroducedin this sectionis that of equi-
librium point, which canbe consideredasa point trajectory. At this point
we intro duce the idea that equilibrium points can be classi ed, and look at
the typeswe get in the plane.

The sectionconcludeswith a considerationof a model with two attracting
equilibria, talks about the idea of basin of attraction , and shawvs how such
models can capture switching behavior, in which a systemchangesfrom one
steady state to another.

8.2 Local Behavior of Dynamical Systems

Here we are dealing with a topic which should, arguably, only be dealt with
after students know a little linear algebraand have a bit of complex number
notation. Sincethe conceptsare usefulto a wider audiencethan those who
will take such courses,though, we have dewveloped an analysisusing only the
tools they have already acquired which gets at most of the ideasthey need
to think intelligently about local behavior. Sinceit puts these earlier tools
together in new ways, it is also a good review and helps them think about
thesetools in a broader context

8.3 A Taxonomy of Equilibrium Points

This section should be viewed as an extended exerciseusing ideas the stu-
dents have learned up to this point to explore the local geometry of equi-
librium points. The goal is not so much to provide the kind of complete
and elegan classi cation that more advanced methods can provide, but to
shav students that they can combine the calculus tools they've developed
with common sensegeometrical intuition to think about fairly sophisticated
guestions.

Note that the discussionof xed linesdoesn't explicitly addressthe ques-
tion of vertical xed lines. You might ask your studernts whether or not this
caseneedsto be treated separately

8.4 Limit Cycles

The section on limit cyclesis quite brief (one example). There is obviously
room herefor considerableexpansionon the teacher's part if desired. This is
a good placeto steer studerts to examplesin someof the scierti ¢ journals
where such examplesoccur.
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8.5 Beyond the Plane:Three-Dimensional Systems

This is also a very brief intro duction to a very large topic, providing consid-
erable scope for elaboration for any teacher who is soinclined. It probably
should not be attempted without good computing software which can help
the studerts visualize the three-dimensional graphics.

Further Reading

This is a good point in the courseto give the students projects to seehow
some of these ideas are used in the literature. You can either give the
studerts a singlearticle to explore, explain, and elaborate on, or you can help
them nd articles which appeal to their own particular interests. Journals
like Scien® or The American Naturalist are good sourcesof suc articles.
Here are a few speci ¢ sourceswhich have interesting examplesthat can be
adapted and most of which also have good bibliographies.

1. Abraham, Ralph H. and C.D. Shav. 1984, 1988. Dynamics|The
Geometry of Behavior. In four parts (now available in one volume).
part 1. Periodic Behavior; part 2: Chaotic Behavior; part 3: Glohal
Behavior; part 4: Bifur cation Behavior. Sarta Cruz, CA: Aerial Press,
Inc. This is a superb exploration of the geometry of dynamical systems,
helpful for both teachers and interested students. There are virtually
no equations anywhere in the book.

2. R. M. Anderson and R. M. May, \P opulation Biology of infectious
diseases:Part 1", Nature 280, pp. 361{367 (2 August 1979).

3. |- \Infectious Diseasesand Population Cycles of Forest Insects",
Sciene 210, pp. 658{661 (7 Novenmber 1980). Someof us have used
this quite e ectiv ely with our classes|it is at about the right level of
di cult vy for students at this paoint.

4. |. 1992. Infectious Diseasesof Humans. Oxford University Press.
Contains many examplesand referenceswhich could be adapted.

5. Edelstein-Keshet, Leah. 1987. Mathematical Models in Biology. NY:
Random House.

6. Segel,Lee. 1980. Mathematical modelsin molecular and cellular Biol-
ogy. Cambridge U. Press.
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7. | (ed). 1991. Biological Kinetics. Cambridge U. Press. For instance,
ch. 1 on the Michaelis-Merten equation makes a very nice investiga-
tion.

8. Tuchinsky, Philip M. 1981. Man in Competition with the Spruce Bud-
worm. Birkheauser. Part of the UMAP Expository Monograph Series.
An interesting dewelopmer, presered as an investigation for under-
graduates. It eventhrowsin a little catastrophe theory.

Chapter 9. Functions of Several Variables

This is a long chapter which can be covered after Chapter 10 and/or 11,
if you desire. Although the chapter could be covered before Chapter 8,
we recommendthat, on the rst time through, you cover the chapter after
Chapter 8 (otherwise you will needto spend sometime getting the students
accustomedto the idea of a vector eld).

We recommendencouragingstudents to dewote at least as much time to
studying the pictures as to reading the text. Our intention is to dewelop
their visual intuition. Oncethey have a good visual intuition, students nd
it much easierto usemore algebraic conceptslike vectorsin an appropriate
fashion.

9.1 Graphs and Level Sets

The rst sectionintro ducesthe various visual tools for represertting functions
of two variables: graphs, sections, level sets, cortour plots, density plots,
terraced density plots. We recommendcovering this material in a leisurely
fashion, with much attention to the types of phenomenathat can occur,
without spending too much time on trying to systematize what occurs in
what sorts of functions. Do stressthe di erent represenations and attempt
to elicit from students the advantages and disadvantages of the dierent
represermnations with respect to di erent examples.

Take time to make sure that students understand what is being repre-
serted. We have found that time spent on di erent represenations is time
well spent, and accordit much more classtime than is typical.

To do this, you will needto settle on somegraphing utilit y. We all have
our own preferenceshere, but nd that almost any well-designedprogram
works. Home grown stu is available by ftp|w e especially recommendthe
program Tint, which producescolorful density plots. We have also used
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Mathematica, Maple, Derive, and Beverly Westand John Hubbard's padage
with good results.

As in the caseof graphing utilities for functions of one variable, you will
needto spend a little classtime discussingthe mecanics of running the
utilit y. When you discusslevel sets of functions of two and three variables,
we recommendthat you explicitly draw the connectionto rst integrals and
dynamical systems. As usual, you will want to stressthat the level set of a
function of two variables (resp. three variables) is generically a curve (resp.
surface). We recommendhaving the students work on one of problems 29 -
32in classand do another one for homework.

9.2 Local Linearity

This section extends the ideas of linearity to functions of seweral variables
and, in particular, to functions of two variables. The material in this section
will take sometime for studerts to digest. It falls into three main pieces.

The rst important point is that graphs of functions of two variables
generically approadh a at plane if you magnify repeatedly. You will then
needto spend sometime with formulas and graphs of linear functions to
make precisewhat one meanshy a at plane. You should emphasizethat
the contour lines of a linear function are parallel straight lines and carefully
cover the notion that a plane hasdi erent slopes.

Next come the key concepts of the gradient of a linear function and
the gradient vector eld of an arbitrary function of two or three variables.
We have found that the notion of trade-o appealsto somestuderts|if it
appealsto you, you may want to considerhaving students do exercise25 and
one or two of exercises26 - 30. These exercisescan again be donein class.

Third, we have the essetial ideasof local linearity, the microscope equa-
tion, and linear approximation. We have found that students have di cult y
using the microscope equation to estimate error|care must be exercisedto
ensurethat students do not resort to blindly plugging numbersinto the mi-
croscoe equation. (You may nd it usefulto refer the studerts bad to the
discussionof error propagation in chapter 3.4.) Incidentally, time spent on
the microscope equation will vastly easethe students' understanding of the
machinery of di erential formsin later courses.
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9.3 Optimization

If the students have understood sections1 and 2, section 3 can be cov-
ered very quickly. We have found that students have no di cult y with the
method of steepest ascertlhere you should emphasizethat a simple pro-
gram doesthe job (point out that one doesnot even needa graphing utilit v,
a programmable calculator works ne).

We nd that students have little dicult y with the idea of nding ex-
trema by setting partials equal to zero. Similarly, they have little problem
grasping the idea behind the use of Lagrange multipliers. We stress the
geometric aspects, and spend relatively little time on solving the resulting
systemsof equations. Students will, of course, have di culties solving si-
multaneous systemsof equations|w e deliberately chooseto spendvery little
time on this topic: in practice, very few systemsof equations are soluble by
hand and it is, in our view, a mistake to spend large amounts of time on a
topic which in practice is usually handled by a macdine, if at all.

Chapter 10. Series and Approximations

In the light of the general building-objects-from- rst-principles approat
we've used throughout this course, this topic plays a somewhat more im-
portant role than it doesin other approachesto calculus. Moreover, in this
chapter students will seethat the mathematical sophistication they've been
deweloping now leadsto somemajor e ciencies in approximating quartities
and expressionghey've looked at before|in tegrals, the value of , solutions
to di erential equations.

10.1 Approximation at a Point and Over an Interval

This section makesthe obsenation that there is more than one possiblecri-

terion we can usewhen we want to approximate a function. Which we use
depends both on the nature of the problem we are trying to solve and on

the tools we have at hand. For many purposes(lik e designinga calculator),

we needa good approximation over someentire interval. For other purposes
(lik e studying the local behavior of a function), we only needa good approxi-

mation at a point. In traditional calculuscoursesthe rst problem is seldom
addressednot becauseit is unimportant, but becauseit is computationally

messy
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10.2 Taylor Polynomials

The material in the rst part of this sectionis fairly straightforward. Note
that all approximating polynomials are really polynomials, of nite degree.
We deferthe conceptof Taylor seriesto the next section.

The secondhalf of this section, though, exploresthe conceptof goodness
of t and introducesthe \big oh" notation. This concept allows a precise
formulation of Taylor's Theorem (in fact, three versions are given). The
material is fairly technical, though, and will be dicult for some of your
students. You should think carefully about how much time you want to
spend on this topic, sinceyou can't lightly skim over itly ou should either
skip it ertirely, deferit, or spendthe time it will require.

Problem 9 raisessomeinteresting conceptual issuesabout the nature of
mathematical de nitions which will be referredto in the next section.

10.3 Taylor Series

In this sectionwe intro duce Taylor series|p olynomials of \in nite degree”.
Weinterpret such objects in terms of limits and raisethe question of whether
or not the implied limit exists or not. This leadsto the conceptof interv al
of convergence.

In addition to elaborating on someof theseideas, the exercisesalso in-
tro duce some new themes. Problems 6 raisesthe important point of how
the domain of mathematical functions like exponertiation can be extended
to larger sets. This is usually done (as was the caseeven in de ning things
like 2 3 or 2%), not by looking at the original de nition, but by looking at
the key properties of the function under consideration and seeinghow they
could be presened. This point was explored in problem 9 of at the end of
section 10.2.

Problems 8 through 13 look at sometechnical questionsaround comput-
ing values of polynomials rapidly.

10.4 Power Series and Differential Equations

This sectionis again a fairly standard intro duction to the ways polynomial
approximations to the solutions of di erential equations can be obtained.
It makes the point that one reason for obtaining sud approximations is
for data storagelit is much easierto store the coe cien ts of a polynomial
than to store seweral thousand numerical valuesof a function. In fact, many
numerical padkages,suc asthosein Mathematica, do just this.
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Sincethe arithmetic is messy you should ched through the solution to
the S-1-R model beforedeciding to cover it with your students. The results
are a nice addition to their understanding of this problem, but the teacher
had better be preparedto help lead the students through the maze!

10.5 Convergence

Here someof the basic tests|alternating seriestest and the ratio test|for
seriescorvergenceare developed. Geometric Series and the Harmonic
Series are presernied as prime motivating examplesfor some of the issues
involved. Teaders so inclined can easily use problem 8 in the exercisesto
motivate the integral test.

10.6 Approximation Over Intervals

This section intro ducesthe major concept of least squares criterion for
approximations and appliesit to nd polynomial approximations to func-
tions over intervals. Sincethe idea of the least squarest is soimportant
in the eld of statistics, it would be useful for many of your studerts to
seethe sameidea in this very dierent conext. It makes senseto inves-
tigate these polynomial approximations only if you have good software for
solving systemsof simultaneous equations, sincethe arithmetic is otherwise
excruciating.

It is natural at the end of this section to jump to chapter 12.4, where
the sameideasare usedto dewelop Fourier Series. Students nd the simplic-
ity of the Fourier Seriesapproximations, comparedto the messinesf the
polynomial approximations, to be very elegar and appealing.

Further Reading

Campbell, P.J. 1991. \Computer and Calculator Computation of Elemen-
tary Functions”, The UMAP Journal 12.4 (Winter 1991).

Chapter 11. Techniques of Integration

There are few surpriseshere. Most of the material is familiar to teachers(and
students) of traditional calculus courses. What is unusual is the placemer
of the chapter near the end of the book. This is to emphasizethe distinc-
tion betweenthe concepts of integration (chapter 6), which are general, and
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the techniguesof integration, which apply to a variety of special (and not
complete) subsetsof functions. We intend this chapter as a resourcefor the
teacher and the student, with sectionsto be usedasthey seemappropriate.
Some of us don't cover the material in this chapter as a single unit, but
intersperseone or two sectionsat a time betweencoverage of other topics.

Most teacherswill want to cover the rst three sections(through integra-
tion by parts) and perhapspart of section4 (separation of variables) and the
last two (Simpson'srule and improper integrals). Section5 is useful primar-
ily for students going on in physicsor engineering. Even for these studernts,
the widespreadavailability of good integrating software meansthere is less
justi cation for spending large amounts of classtime becomingpro cient in
techniquesthat will be rarely used.

The traditional secondsemestercourseoften beginswith techniquesofin-
tegration. That doesmake a natural connectionwith the precedingsemester,
which often endswith the fundamertal theorem of calculus. However, many
of us have chafedat this organization, especially whenwe teach students who
are beginning their collegelevel study of calculus with the secondsemester.
Tedhniques are techniques. While they have their importance, they seldom
engagea studert's imagination. Further, techniques are a poor vehicle for
weaning a student from attitudes too commonin high school: mathematics
consistsonly of computational algorithms, and learning mathematics means
imitating examplesin the text.

Those of uswho teach an entry level coursefor students with high sdool
calculus have found that chapter 7, on periodic functions, makesan excellen
introduction both to the more conceptual and contextual thinking we want
our students to do and also to Euler's method and systemsof di eren tial
equations. Most of us then treat all or part of chapter 8 and then turn to
studying integration techniques. The treatment of separation of variablesin
section 4 makesthe link back to di erential equations. On the other hand,
for students who begantheir study of calculuswith this text, chapter 11 can
naturally and e ectiv ely follow chapter 6. One considerationthat may a ect
your decisionabout when to teach techniques of integration is compatibilit y
with your institution's mathematics prerequisites for intro ductory physics.
We recommendconsultation with your colleaguesin physics before making
a nal decision.

Whenewer you decideto usethe material in this chapter, you will seethat
it assumesthat a student will have accessat least to a table of integrals, if
not to software capableof carrying out antidi eren tiation. (Many integration
formulas appear at the end of the Quick Referencesectionat the badc of the
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text.)

11.1 Antiderivatives

The treatment of antidi eren tiation of basic functions is straightforward.
We also pick up the consideration of inverse functions which was begunin
chapter 4 and nd formulas for the derivativesof the arcsineand arctangent
functions. For those of you who haven't thought about it before, you might
want to look at problem 18 ahead of time, where there is an exploration of
why the standard formula

/de:|n|xy+c
X

is, in fact, incorrect.

11.2 Integration by Substitution

The technique of integration by substitution is explained using the notation
of di erentials becausemost of us nd that easiestfor our students. While
the connectionto the chain rule is made explicit later in the section, seweral
of us have had the interesting experience of our students|used to under-
standing ideas before doing computations|reb elling against being shovn
the medanics of the di erential notation beforethey are corvinced that the
result makessense.We nd this very satisfying!

Note that exercise7 foreshadavs the improper integral. Additional drill
exercisesare in the appendix.

11.3 Integration by Parts

Integration by parts is preseried using functional notation, becauseour ex-
periencehasbeenthat our students make an easierconnectionto the product
rule that way. You may wish to show students the di erential notation as
well, if you think they may encourter that notation elsewhere,but most of
us have not done this.

Exercises5 and 7 again foreshadav the improper integrals. The later
exercisesprovide the formulas usedin 12.3, in the casestudy on the power
spectrum, and should, we feel, only be donein that context.
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11.4 Separation of Variables and Partial Fractions

This section approadiessolving a di erential equation by separation of vari-
ablesvia the relationship betweenthe derivatives of inversefunctions. We
use separation of variables to obtain the formula for \sup ergronth” in 4.2,
and we also consider the di erential equation for logistic growth from 4.1.
The logistic leadsto the technique of partial fractions, which someof us like
to include becauseit reappearsin later algebra courses,as well as for its
usefulnessin this cortext.

11.5 Trigonometric Integrals

This section pulls together a variety of techniques involving trigonomet-
ric integrals and trigonometric substitutions. A principle thread that runs
through many of the techniquesis that of a reduction form ula. This ma-
terial is largely neededby students going on in physics or engineering,and
you should give thought ahead of time to how much of this material your
students will actually need,and how adept they needto be at it, given the
widespreadavailabilit y of integrating software.

11.6 Simpson’s Rule

In this section we return to numerical methods and introduce the notion
of the e ciency of an algorithm. The trap ezoidal approximation is shown
to be the average of the left and right endpoint Riemann sums, and the
accuracy of the left, right, and midpoint Riemann sumsand the trap ezoidal
approximation are compared. Studerts enjoy the surprising discovery that
the midpoint Riemann sum is the best. We then present Simpson'srule as
a weighted averageof the midpoint and trap ezoidal approximations.

Exercise 4 askshow many subdivisions are neededto obtain a speci ed
accuracy using Simpson'srule, foreshadaving the formal study of limits in
more advanced courses. We have found that our students’' extensive nu-
merical experiencewith sequetial corvergencein rst year calculus senes
them very well in the junior analysis coursewhen we work with the formal
de nition of the limit.

11.7 Improper Integrals

We intro ducethe improper integral with an exampleinvolving the lifetime of
light bulbs that is very easyfor students to understand, but then we turn to
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the more important example of the normal density function of probability.
Exercises5{10 form a nice sequenceon the gamma function.

Chapter 12. Case Studies

This chapter consists of four extended explorations of topics connectedto

one or more of the previous chapters. They are quite di erent in tone, and

ead appearedin someprevious draft of the book as part of the body of the

text and eadh hasits ernthusiastic adhererts who usethe material ead time

they teach the course. As the courseewlved, though, it was felt that they

were best seenasoptional exerciseswvhich teachers could usewhenit seemed
appropriate.

12.1 Stirling’s Formula

This sectionis a straightforward derivation of Stirling's formula for approx-
imating n! using only the technique of integration by parts, together with
sometight mathematical reasoningbringing together a number of threads
from elemenary calculus. This is an excellert sectionto assignto students
who like to work with the logical structure of mathematics and are looking
for somechallenging exercisesof this sort.

It makes senseto assignthis study in conjunction with studying chap-
ter 11.3 on integration by parts, or with the material of chapter 10, where
factorials are usedextensively. Another good placeto usethe material is in
conjunction with, and a classor two before, section12.2 as part of a unit on
probability and statistics.

The section is written rather straightforwardly|go od students can fol-
low the explanation in the text by themselwes. We have found that having
students work through the derivation in small groupsis an e ective way of
covering the material that is written. (In fact, this is essehally exercise
1) We urge that you resist the temptation to give a polished lecture re-
counting the material in the book. Rather, the chief pedagogicalchallenge
is to corvince studerts that Stirling's formula is useful (and, in fact, almost
indispensable)for working out the probabilities that arise when the number
of events is large. This usually requires an explanation of how to compute
simple probabilities for situations that can be modelled by urn models. This
doesnot take a great deal of time, sincemost studerts have had someprob-
ability in high school.
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Running an examplewith large numberswill corvince students that even
a computer has di cult y handling n! for large n|indeed, writing a brief
program to compute n! for large n will, with many older languages,cause
horrendousoutput errors.

You can also obsene that computing n! requires n multiplications (so
runsin linear time in n), while computing \/2_\/ﬁ(%)” requireson the order
of log,(n) operations, a huge di erence.

12.2 The Poisson Distribution

This sectioncan be covered pro tably oncethe power seriesformula for € is
in the students' possession.Those of us who are fond of the sectionuseit to
introduce the notion of a prokability model. Here, the chief points to make
are that naive linear models often do not work and that the nal arbiter
of whether or not a mathematical technique is applicable to a phenomenon
under investigation is how well the predictions of the model agreewith the
data.

The certral puzzleis that of modelling -ray emissions.Having students
work through the details of the derivation in small groups is again a good
strategy for covering the derivation of the Poissondistribution. Exercises
6, 7, or 8 are particularly good for class discussion. If you are assigning
homework individually, we recommendthat you do not assignone of these
exerciseswithout a previous classdiscussionof one of the other ones.

12.3 The Power Spectrum

Fourier transforms are the basisof a number of engineeringapplications of
mathematics and have becomea common analytical technique for many sci-
entists. Moreover, the basicideasunderlying the sine and cosinetransforms
are quite straightforward and can readily be followed by students in their
secondsemesterof calculus. At onepoint this topic wasa certral part of our
treatment of periodicity, but we have (temporarily?) baded o a bit and
placedit in this optional category, for two main reasons.The rst reasonwas
not that the topic wastoo hard, but, in someways, that it wastoo simple.
The students could understand the idea, they could take a data set, nd its
power spectrum and interpret the spikes, and this was all very interesting.
But there were few active investigations they could get into. Unlessyou are
willing to pushthe topic further|getting into inversetransforms, discussing
the phenomenonof aliasing in greater detail, etc.|the topic is probably best
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left as a casestudy. A secondreasonis that for this topic to go well, the
teacher needsto have on hand a number of interesting data setsand know
how to import data into the programs for nding their spectra. In some
ways, the best data setsto useare those generatedby your colleaguesin the
other disciplines|ask around and seewhat they have.

This section can pro tably be covered by the ertire classimmediately
after nishing chapter 7. It also makesa good independert study project
for someof your more eagerstudents. Here are somespeci ¢ commerts:

1. Usethe material as a chanceto emphasizethat real world data are
noisy. It is frequertly very dicult to tell whether or not somebehavior has
a periodic componert.

2. A main theme should be that noiseis random, so averaging will take
careof it. The integral is frequertly usedas a tool for averaging.

3. The notion that the transform (more generally that an integral de-
pending on a parameter) de nes a function will confusesomestudents. Re-
sist the temptation to work out a carefully chosenexamplein closedform|
this will benet only those who already understand. Rather, stress the
medanical analogiesof probe or detector to make sure the idea gets across.
Assign the closed-formexample as a homework problem if you must.

4. We have a number of data sets|suc h asthe number of measlescasesn
New York City, CO, levelsin Hawaii over a 20-year period, and the number
of lynx and hare pelts purchasedby the HudsonBay Compary over a period
of 120|a vailable by annonymous ftp transfer from emmy.smith.edu. An
excellert in-class exerciseis to have the students run the programs on the
data setsto seeif, in fact, there appear to be periodicities in the data. We
advisedoing the exercisein classbecauseghe exerciseis morein the nature of
a demonstration. For students who appear especially interestedin the topic,
we recommend exercises13-22. Since these exercisesare fairly technical,
we recommend that they not be assignedto the class as a whole (unless
you are willing to spend time going into the topic of spurious information
and phenomenawhich are artifacts of the numerical methods one uses).
Fourier transforms also crop up frequertly in sciencejournal articles|see
the readingsbelow for someexamplesjand you are strongly urged to have
studerts read and discusssomeof theseto seehow the transforms are used
by working sciertists.

Further Reading

1. Broadhurst, T. J. et al. 1990. \Large-scale distribution of galaxiesat
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the Galactic poles", Nature 343, pp. 726{728 (22 February 1990).

2. Chappelaz, J. et al. 1990. \Ilce-core record of atmospheric methane
over the past 160,000years", Nature 345, pp. 127{131 (10 May 1990).

3. Herbert, T. D. and A. G. Fischer. 1986. \Milank ovitch climatic origin
of mid-Cretaceousblack shalerhythms in certral Italy”, Nature 321,
pp. 739{743 (19 June 1986).

4. Korner, T.W. 1988. Fourier Analysis. Cambridge University Press.

5. Ruddiman, W. F. and A. Mclintyre. 1981. \Oceanic Mechanisms for
Ampli cation of the 23,000-¥ear Ice-Volume Cycle", Sciene 212, pp.
617{627 (8 May 1981).

6. Scuderi, L. A. 1993.\A 2000-Year Tree Ring Record of Annual Tem-
peratures in the Sierra Nevada Mountains", Scien® 259, pp. 1433{
1436 (5 March 1993).

12.4 Fourier Series

This material was originally the nal section of chapter 10 and obviously
continues the ideasin 10.6. It was shifted to being a casestudy to keep
down the length of chapter 10. It is a beautiful topic, though, and onewhich
many students nd fascinating. They especially appreciate the beauties of
an orthogonal basisafter having waded through the simultaneous equations
which arosein 10.6!

In addition to its inherent mathematical interest, this topic is also an
excellert exercisein circular functions and in integration by parts.



App endix A: Sample Syllabi

Here are samplesyllabi, drawn from the way someof us have structured the

year. They are, of course, only samples,but we hope they will be useful
guides as you steer your own path through the material. The syllabi are
basedon a 13-weeksemester,with the equivalent of three 70-75minute class
periods ead week. Obvious modi cations allow them to be adapted to four
50 minute classesper week. As explained below, the syllabi do assumethat

students have accesgo sometechnology in the classraom. More substartial

rearranging will be neededif that is not the case.

Classesvary widely in terms of the students' preparation and the interests
of the teacher. Your classesmay needto move more or lessrapidly than the
pace suggestedby these syllabi, and you should certainly feel free to adjust
them to your circumstances. There are many points at which supplemenary
topics can beinserted, and there are also topics that can be dealt with more
summarily if you nd yourself pressedfor time, especially in chapters 7{12.

For the secondsemestersyllabus, we assumethat students have had
a rst semesterCalculus in Context course which included Chapter 6 on
integration in its entirety. Evenso, the syllabusis an ambitious one,and you
may well want to omit sometopics to allow for a more leisurely developmert
of the others. In particular, fall o erings of Calculus|l often needmore time
for review of Calculus | topics than in the Calculus Il syllabus o ered here,
even when all students have usedthis text for Calculus . When the student
population is heterogeneousgven more time may be needed.

It isimportant to stressthat we expect studerts to have readthe material
to be coveredin classbefore class. (In the early weekswe have to give careful
attention to teaching them to read the text.) Reading assignmelts are part
of most homework assignmems. Note that the assignmets are listed on
the day the assignmem is made and normally the assignmen is due at the
following class. Someteachers nd frequen, brief quizzesto be a useful way
either to give students a senseof con dence on someof the more basicideas

67
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or to encouragethem to study the material in advance. Samplesof suc
quizzesare alsoincluded in Appendix B. Each syllabus indicates the timing
of the in-classportion of two examinations. We assumethe nal examoccurs
after the end of classes.

Explanation of syllabus layout. For ead classthere is a setof prob-
lemsyou might work on during that class. Thus on Class6 you seethe ertry
\W ork on 1.3: 7-15; 1.4:5" meaning that during the 6th classyou and the
students will work on (some of) problems 7-15 of chapter 1.3, and problem
5 of chapter 1.4. The problems are, in our view, the heart of the course.
We nd that classtime is protably spent actually working on someof the
problems, as well as discussingstrategies for attacking them and what is
learned from solving them. Problems begunin classmight comprise part of
the homework assignmen for that day. The nal column givestheir assign-
mert for the next class. In this casethey are expected to read chapter 2.1
and write up problems6 and 7 from chapter 1.4,to be turned in next class.

Someof the suggestedclassram exercisesrequire the use of technology.
If you have su cien t computers or graphing calculators in the classram,
students can work on them in small groups. We usethis format quite often,
and spend much of our time roaming around talking with and listening to
the various groups asthey work. If you have only a single computer with an
overheaddisplay, you can still generateactive, useful discussionas the class
collectively works on an exercise. If no technology at all is available in the
classram, only the preliminary and follow-up discussionsof these problems
can occur in class,and you will have to adjust accordingly.

We begin ead classmeeting by inviting questionsand discussingissues
raised as seemsappropriate, but we try to resist lecturing on the reading.
Most of our time in classis spent working on problemsor discussingproblems
and their implications. We frequertly move bad and forth betweenproblem-
solving in small groupsand larger classdiscussiongnformed by the problem-
solving e orts. Again, we would emphasizethat this way of running the class
works only if the students have studied the material ahead of time.
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Calculus I Syllabus
In Class Homework
Class1: Discussionof model, Read 1.1
Modelling the spreadof a disease | work on 1.1: 1-5
Class2: Work on 1.1: 15,16, 17 1.1: 18, 19;
Analyzing the model read 1.2
Class3: Work on 1.2: 8, 10, 12 1.2: 11, 14;
Computer graphing (Appendix C) 1.2a: 1
Class4: Work on 1.2: 16, 17,18, 21 1.2: 19, 23, 24, 25, 27;
Linear functions
Class5: Work on 1.3: 1-6 1.3: 16,21
Using a computer program (AppC) 1.2a:3
Class6 Work on 1.3: 7-15;1.4: 5 1.4:6,7,;
Using a computer program, cort. read 2.1
Class7: Work on 2.1: 1-3, 10 1.4: 1-4;
Successie approximations read 2.2
Class8: Work on 2.2: 1-4 22:57
Euler's method (AppC) 1.2a:3
Class9: Work on 2.2: 8-10 2.2:13;
Euler's method, cort. read 2.3
Class 10: Work on 2.3: 2-10 2.3:11,12
Approximating lengths
Class11: Work on 2.3: 1; (AppC) 1.2a: 4,5
Approximating roots 1.2: 13 (select)
Class12: Questionsand discussion None; prepare for
Review of chapters 1 and 2 midterm #1
Class 13: In classportion of midterm #1 | Read3.1and 3.2;
Midterm #1 do 3.1: 1-6for
discussionnext class
Class14 Discuss3.1: 1-6; 3.1:7,8;3.2: 1a,2ab, 3a 7;
Rates of change work on 3.2: 1c, 2¢, 3b, 6 read 3.3 through p. 110
Class 15: Work on 3.3: 2, 3, 6 Finish classproblems
The derivative and read the rest of 3.3
Class16: Work on 3.3: 9a, 10, 14, 17 3.3: 10bcd, 13, 17;
The microscope equation read 3.4
Class17: Work on 3.4: 3,7, 9 3.4:6,8;

Estimation and error analysis

read rst 2 pagesof 3.5

Class18:
The derivative as function; graphs

Work on 3.5: 5 (parts), 2

3.5: 1, 5 (parts);
read the rest of 3.5

Class 19: Work on 3.5: 6 (parts), 7,9, 17 | 3.5: 6 (parts),

Di eren tiation formulas 8ad,10,13, 18, 19; read 3.6
Class 20: Work on 3.6: 1, 2 (parts), 8 3.6: 2 (parts),

Chain rule 7,11;read 3.7

Class21: Work on3.7:1,7,9 3.7: 3,10;

Partial derivatives read 4.1
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In Class Homework
Class22: Work on 4.1: 6 4.1: 6e;
Modelling with read 4.2 through p. 188
di erential equations
Class?23: Work on 4.2: 3, 4 42:1,2,5;
Solving di erential equations read the rest of 4.2
Class24: Work on 4.2: 6, 7, 17-20 4.2: 24, 25;

E ect of parameters

read 4.3 through p. 204

Class25: Questionsand discussion None; prepare for
Review midterm #2

Class26: In classportion of midterm #2 | Read5.1and 5.2
Midterm #2

Class27: Work on 4.3: 1, 2, 3 (parts), 4.3: 3 (parts), 4 (parts), 8;
The exponertial function 4 (parts), 9 read the rest of 4.3
Class28: Work on 4.3: 5, 6 4.3: 7, 10;

The exponertial function, cort. read 4.4

Class29: Work on 4.4: 1 (parts), 4.4: 1 (parts), 5, 8;
The natural logarithm 3, 4 (parts), 7 read 4.5

Class30: Work on 4.5: 3,5, 6 4.3: 13ab, 4.4: 15;
Solving y°= f (t) 4.5: labc, 2, 4
Class31: Work on 5.1: 1 (parts), 5.1: 1 (parts), 2 (parts)

Di eren tiation

2 (parts), 8, 13,14,15

4,7,20a-d;5.2: 3;
read 5.3and 5.4

Class32:
Shape of a graph; optimization

Work on5.3: 1, 2, 3,
7 (parts), 6;5.4: 1,2

5.3: 7 (parts);
(AppC) 1.2a:1-5;read 5.5

Class33:
Newton's method

Work on5.5: 7,9

Read5.5: 1-5;
5.5:6; read 6.1

Class34: Work on6.1: 1,2,6,7 6.1: 9, 10;read 6.2 and
Work do 6.2: 1, 2 for discussion
Class 35: Discuss6.2: 1, 2; 6.2: 9, 16ac,19ac;
Riemann sums work on 6.2: 3, 4, 16b, 19b, 28 | read 6.3 through p. 339
Class 36: Work on6.3: 1, 2, 3, 16 6.3: bac, 17;

The integral. read the rest of 6.3
Class 37: Work on 6.3: 9, 12 6.3: 10, 11, 13, 14;
Error bounds read 6.4

Class 38: Work on 6.4: 2, 3, 6.4: 4q, 8d,

The fundamertal theorem 4c, 8a, 10 (parts) 10 (parts)

Class39: Questionsand discussion

Review
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Calculus II Syllabus

In Class Homework
Class1: Work on 1.4: 5-7and 4.1: 6c¢, 7 Finish 1.4: 5-7,4.1: 6c¢, 7;
Review Euler's method by hand and by computer read 7.1,7.2
Class?2: Work on 7.2: 1-6, 9-13 Finish 7.2:1-6,9-13;
Sinesand Cosines read 7.3to p. 394
Class3: Discussbehavior of springs 7.3: 5, 6, 10, 18-20;
Spring and pendulum and pendula; work on 7.3: 1-3 readrest of 7.3
Class4: Discusspredator-prey models; 7.3: 27-29;
Predator-prey work on 7.3: 25-26 re-read 7.3
Classb: Work on 7.3: 13-17,22-24 Finish 7.3: 13-17,22-24;

Periodic solutions, rst integrals

(re)read 6.3, 6.4

Class6:
Review Riemann sums,
integral, fundamental theorem

Work on 6.3: 19, 20;
6.4: 1-2, AppD: 6.4

Finish problems;read 11.1
(omit inversefunctions)

Class7: Work on 11.1: 9 (parts), 10 (parts) 11.1: 9 (parts), 10 (parts),
Anti-di eren tiation 12,17;read 11.2
Class8: Work on 11.2: 1 (parts), 2 (parts) 11.2: 1 (parts), 2 (parts), 3, 8;

Integration by substitution

read 11.3

Class9:
Integration by parts

Work on 11.3: 1 (parts), 13,14

11.3: 1 (parts), 15, 16,17, 18;
read 12.3up to power spectrum

Class10:
Noise and periodicity,
the power spectrum

Discussdetection, introduce
power spectrum,
examinenoisy data

12.3:9, 10

Class11.: Questionsand discussion None;

Review prepare for midterm #1
Class12 In classportion of midterm #1 Read 8.1

Midterm #1

Class13: Discusstra jectories, vector 8.1:2,3,6

Dynamical systems elds, rst integrals and

and state spacesl equilibria; work on 8.1: 1

Class14: DiscussAnderson-May model, 8.1: 5; read 8.2

Dynamical systemsand
state spacesl |

work on 8.1: 7

Class15: Discusslocalization and 8.2: 1 (nish), 2, 4;

Local behavior linearization; work on 8.2: 1 read 8.3

Class16: Work on 8.3: 1 (parts), 7 8.3: 1 (nish), 10,11;

Taxonony read 8.4

Class17: Work on 8.4: 1; 8.4:2,7.3: 35,36

Limit cycles discusswhy systemswith limit cycles | from phaseplane point of view;
and attractors can't have rst integrals | read 8.5

Class18: Linearization and localization; Hopf 8.5: 1 and/or 2;read 11.1

Beyond the plane bifurcation and strange attractors (inversefunctions)

Class19: Work on 11.1: 5 11.1:1-4,6, 7;

Inversefunctions read11.4

Class20: Work on 11.4: 1, 2 (parts) 11.4: 2 (parts), 3,4, 6

Separation of variables

Class21: Work on 11.4: 13 11.4: 9-11 (parts), nish 13;

Partial fractions

read 12.1
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In Class Homework

Class22: Discussreading, 12.1: write up part of 1
Stirling's formula work on 12.1: 1 basedon classdiscussion
Class23: Work on 11.7: 1 (parts), and 11.7: nish 1 and 3, 4-7; (opt: read
Improper integrals begin 3 section on gammafunction )
Class 24 Questionsand discussion None;
Review prepare for midterm #2
Class 25: In classportion of midterm #2 Read9.1
Midterm #2
Class 26: Intro duce graphics utilit y; 9.1: 2,3,14,18
Graphs and Level Sets| work on 9.1: 1,5, 6, 11,12
Class27: Slices,terraced density plots; 9.1: nish 29-32,24, 27,
Graphs and Level Setsl| work on someof 9.1: 29-32 read 9.2to p. 480
Class28: Magnify surfacesto get planes;equa- | 9.2: 4, 14,18, 19;
Local linearity tions of planes;work on 9.2: 1-3,5, 6 | read pp. 480-483,489-491
Class29: Work on 9.2: 20, 21, 25 9.2: 22-24,63, 66, 67,
Gradients partial rates of change read rest of 9.2
Class 30: Work on 9.2: 42, and begin 49-54 9.2: 45-47,57-59;

Microscope equation
and linear approximation

read 9.3to p. 517,
omitting pp. 506-510

Class31:

Maxima, minima and saddles;

9.3: 13, 14 and those not

Method of steepest ascen work on 9.3: 7, 15, 16 donein class;
using inspection and steepest ascet | read rest of 9.3
Class32: Work on 9.3: 6, 11; 9.3: 3,4, 10,12;

Constraints and
Lagrange multipliers

geometricidea behind
Lagrange multipliers

read 10.1,10.2to p. 538

Class33: Discussreading; 10.2: 1, 4,7, nish 10-13,
Taylor polynomials work on 10.2: 10-13 16-18;read rest of 10.2
Class34: Work on 10.2: 19-21 10.2: 22, 23, 30;
Goodnessof t, Taylor's theorem read 10.3

and Taylor's theorem

Class 35: Graphs of functions 10.3: 6-8;

Taylor series and their Taylor polynomials read 10.4

(c.f. pp. 534,556); work on 10.3: 2,3

Class 36: Work on 10.4: 5 10.4: 1 (parts), 2, 9;
Di erential equations read 10.5to p. 583
Class37: Work on 10.5: 3, 4 (parts), 10.5: 1 (parts), 2 (parts),

Convergence;geometric,
harmonic, alternating series

start 7

4 (parts), 7 (nish), 8

Class38:
Radius of convergence ratio test

Work on 10.5: 11 (parts), 12

10.5: 10 (parts), 11 (parts),
13,14

Class 39:
Review

Review
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CALCULUS |
SAMPLE MIDTERM 1, take-homeportion
(week5, on chapters 1 and 2)

This is an \op en-book” test; you may consult freely your notes, home-
works, text, and any other books you wish; you may use a calculator or a
computer, and any programs available on a computer. Howewver, you must
not receiwe help, in any form, from anyone else. Make your responsesbrief
but complete; explain your reasoning,and write clearly. Wheneveryou have
a numerical answer deduced from a rate equation, you should indicate how
many digits you know to be exactand why you can guarantee they are exact.

1. Find x sothat x> = 4 — x. Give the value of x accurate to 3 decimal
places.

2. Make a sketch of the graph of the function

X3 — 7x

y= X2+ 2x+ 5

on the interval —3 < x < 3. In your sketch indicate clearly where the
highest and lowest values of the function appear, and indicate where the
graph crosseshe x-axis.

3. Hooke's law. If you hang a weight from a steel spring, the spring
stretches. If the weight is not too large, then the distance stretched is pro-
portional to the weight. (This is called Hooke's law.) Supposea particular
spring is 12.3incheslong when there is no weight onit, but it becomesl2.68
incheslong when a 10 pound weight hangsfrom it.

a) How long is the spring when a 5 pound weight hangsfrom it?

b) Let L denote the length of the spring in inches and W the weight in
pounds. Produce a formula that describeshow L dependson W.

4. The vanishing elephants. According to one ervironmental group,
the population of wild elepharts declinesby 5% per year. If E denotes
the population t yearsfrom now, then we can expressthe decline by a rate
equation of the form

E®= —KE elepharts per year.
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a) What value would you give k?

b) Supposethere are 200,000elepharis now. Using the rate equations with
your value of k, determine how many elepharts there will be in 10 years.
Your answer should be accurate to the nearest100 elepharts. (Remenber,
make it clear why you know your answer hasthat much accuracy!)

c) How many years will it take for the population to be cut in half|to
100,0007?

d) Consider this argumert: \Since 1/20-th of the population disappears
ead year, in 20 years the population will vanish completely." Does your
rate equation predict that the elephart population will vanishin 20 years?
How many elepharts does your rate equation predict there will be in 20
years? What, if anything, is wrong with the argument quoted in the rst
sertence?

5. Predicting the human population. One model for the growth of the
world's human population usesthe rate equation

P%=:015° "2 billions of personsper year.

Here P is the population, measured in billions. Right now, P = 5 billion
people.

a) At what rate is the population growing now, in billions of personsper
year?

b) According to this model, what will the population be in 25 years? Make
the value of P exact to 4 decimal places. (At that accuracy you predict the
size of the population to the nearestmillion people.)

c) At what rate will the population be growing in 25 years?

6. The e ects of scale. When | bake cookiesand cut in half all the ingredients
in the recipe, | get about half the number of cookies | would by using the
full recipe. The is called \scaling down." The purposeof this questionis to
seeif the S-1-R model scalesdown the sameway. Usethe standard S-1-R
model found in the text:

(0)]
o
1

—:00001SI
:00001SI — | =14
RO = |1=14

o
1



e

Take the initial valuesusedin the text and cut them down by a factor of 10.
Thus, the new initial valuesare

S=4540 | =210 R= 250

a) What is the value of S after 15 days? Compare this with the value of S
after 15 days when we use the original initial values (which were 10 times
larger). In particular, is the new value of S equal to 1/10-th the original
value of S after 15 days? (In other words, doesthe value of S \scale down"
the way a cookie recipe would?)

b) Using the new initial values, sketch the graphs of S(t), 1(t), and R(t)
for 0 <t < 30 days. Compare these to the graphsof S, | and R from
the original problem (in which the initial valueswere 10 times larger). In
particular, do the new graphs have the same shape as the original graphs
(\scaled down" by a factor of 10)?

c) If the sameepidemic (i.e., we'll usethe samemodel to describe it) strikes
a large city and a small town, will the samee ects be obsened? Write a
brief essg summarizing your conclusionsabout the e ects of scaling on the
S-1-R model. In particular, you know that the S-I -R model hasa threshold.
What is the conneciton betweenthe scaling and the threshold?
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CALCULUS |
SAMPLE MIDTERM 1, in-class portion (75 minutes)
(week5, on chapters 1 and 2)

This is a \closed-book" test; no books or notes are allowed. You may usea
calculator if you wish.

1. Find aformula for the linear function y = f (x) that satis es the conditions
f(3) = 0andfY0) = —2.

2. The growth of the population P of a small town is modelled by the rate
equation P9= :02P personsper year. Assumethat P = 1000whent = 0.
In ead of (a) and (b), organizeyour work in a table.

a) Use a single calculation with  t=4 to estimate P (4).

b) Usetwo rounds of calculations with  t=2 to estimate P (4).

c) lllustrate your calculation in (b) with a graph of a piecewisdinear function
that approximates the graph of P on the interval 0 <t < 4. Label points
and slopes.

3. [Provide a gure for this problem showing graphsof two positive functions
y = F(t) andy = M (t) in the rst quadrant, eac with a single maximum,
and with the peaksat di erent valuesof t.]

Consider the functions F (t) and M (t) of time t whosegraphs are sketched
above. Let ty be the time when M is at its maximum, and let tg be the
time when F is at its maximum.

a) Which is larger: F(tym) or M (tg)?

b) At time ty, is F increasingor decreasing?

c) At time tg is M increasingor decreasing?

4. Here are a successiorof Euler approximations for the population P of a
city after 3 years. [Provide a table of estimatesof P(3) for valuesof t =
1.0, 0.1, 0.01, 0.001, 0.0001,0.00001.] What is the most precisevalue you
can give for the exact value of P(3)? How many digits do you know exactly?
Why are you sure they are exact?

5. In 1970the ScienceLibrary had 81,000volumes,and by 1975the number
had grown to 88,500.

a) During 1970-75,the Sciencelibrary grewat a constart annual rate. What
was that rate, in volumesper year?
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b) If the 1970-75rate continued without change, how many volumeswould
the SciencelLibrary have in 1990?

¢) The old building housing the scienceLibrary had a capacity of 105,000
volumes. At the 1970-75rate, when would it read capacity?

6. A beaker corntains three kinds of moleculescalled dimers, monomers and
trimers. The variablesD, M and T keeptrack of the number of molecules
of eath type. The following model describes how the numbers of ead kind
of molecule change over time.

DY = AM2-_:2MD
MO = —:IM2-:2MD
T = 2MD

Below are graphsof D (t), M (t) and T(t) (in someorder). Label the graphs
with D, M and T in a way that is consistert with this model.
[Provide graphs like those on page 17 of the text.]

7. Around 1920 L.F. Richardson constructed a simple model to describe
an \arms race" betweentwo countries. If x and y are the annual military
budgetsof the two courtries (in billions of dollars), then the model expresses
the rates at which x and y change (in billions of dollars per year) in terms
of the valuesof x and y. Considertwo courtries for which the model says

XO

y

= —Ax+ 2%

0 Bx — 4y + 12

and supposethis yearx = 5andy = 6.

a) According to the model, will x increaseor decreasenext year? Will y
increaseor decreasenext year?

b) Assuming the rates given in the model stay xed for an erntire year,
estimate the valuesof x and y one year from now.

c¢) According to the model, there are budgetsx and y which will not change
from oneyear to the next. What are those valuesof x and y?
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CALCULUS |
SAMPLE MIDTERM 2, take-homeportion
(week9, on chapter 3 and 4.1, 4.2)

This is an \op en-book” test; you may consult freely your notes, home-
works, text, and any other books you wish; you may use a calculator or a
computer, and any programs available on a computer. Howewver, you must
not receiwe help, in any form, from anyone else. Make your responsesbrief
but complete; explain your reasoning,and write clearly.

1. a) Let H(x) = x*. Find HY2) to three decimal placesaccuracy

b) You know H (2) = 22 = 4. Useyour answer to (a) to estimate the value
of 2:015915,

c) Now usea calculator to determine 2:015°°15 and comparethis with your
estimate. According to the calulator, how many digits of your estimate are
accuarate.

2. [Sketch agraphofy = f {x).] Sketchedaboveis the graph of the derivative
of an unknown function f (x). Make an accurate copy of this graph on your
answer paper.

There are many di erent functions f (x) whosederivative could be the graph
shown above. On a separatecoordinate plane just above your copy of f {x)
sketch the graphs of two sucd functions f (x). Call them f{(x) and fs(x).
Choosef, sothat it satis es the additional condition f5(0) = 0.

3. The distance to the stars. When we look at an object, our two eyes
have slightly dierent views of it. This di erence is called parallax . If the
object is close, the angle between the views is large (and we look \cross-
eyed"). As the object movesfarther away, the angle getssmaller. Our brain
senseghe parallax angle and usesit to judge the distance to the object.

Astronomers useparallax to judge the distanceto the nearby stars. They
take two views of the star six months apart, and measurethe angle 2
between the views. They call itself the parallax angle. Even though
the viewpoints are on opposite sidesof the earth's orbit (they are about 186
million milesapart), isstill very small. It is always lessthan 1" (one second,
or 1/3600-th of one degree). If the parallax angle of a star is secondsthen
the distance S to that star is

S= 3:26 light-years.
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(Note: A light-y ear is the distance light travels in one year; it is about
6 trillion miles! Also, there is no needto measure in radians becauseno
circular functions are involved.)

a) The parallax angle of the neareststar is 0:762". How many light years
away is that star?

b) Since is obtained by measuremeh its value is never known precisely
Any error in measuring will propagateto anerror S in the calculated
value of S. Write the error propagation equation for S in terms of

c) Supposeyou measurethe parallax of a star and then calculate that it is
8.35light-yearsaway. If you want your calculation to be accurate to within
.05 light-years, how precisely do you have to measurethe parallax angle ?
d) Write the propagation equation for relative errors.

e) If you want to calculate the distance to a star to within 1 %, what per-
certage error can you tolerate in the measuremen of the parallax angle ?
[Provide a gure showing the star as a point at the apex of an isosceles
triangle whosebaseis a diameter of the earth's orbit around the sun. The
angle at the apex s 2 , and the altitude is S.]

4. Fermen tation. Do problems8-11 on pagesl172-174o0f the text.

5. Falling bodies|with  gravity and air resistance. Do problems21-23
on pages197-198of the text.
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Calculus |
SAMPLE MIDTERM 2, in-class portion (75 minutes)
(week9, on chapter 3 and 4.1, 4.2)

This is a \closed-book" test; no books or notes are allowed. You may usea
calculator if you wish.

1. The graph below shows a runner's distance D in metersfrom the starting
line after t seconds.

[Provide a graph of distance versustime on a grid so coordinates can be
read.]

a) When is the runner speedingup? How can you tell?

b) What is your best estimate of the runner's velocity at t = 3? Be sureto
include units.

2. [Provide a sketch of the graph of a function, asin exercisel of 3.5 on page
134.] Copy the graph of the function f (x) above onto your answer paper.
In a coordinate plane just below your graph of f, sketch the graph of the
derivative of f .

3. Find formulas for the the derivatives of eat of the following functions.
[Choosea reasonableselection of four or v e basedon 3.5 and 3.6.]

4. a) Find the microscope equation for the function y = /x at x = 100.
b) Use(a) to estimate the value of 1/99:3.

5. A block of ice is melting, and its volume shrinks at the steady rate of 15
cubic inchesper minute. Assumethat the block of ice is a perfect cube. At
what rate is the length of the edgeof the block decreasingwhen the edgeis
10 incheslong? Be sureto include units.

6. Verify that L

V6 —2t

is a solution to the initial value problem y%= y3, y(1) = 1=2.

y(t) =
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CALCULUS |
FINAL EXAMINA TION, take-homeportion
(on chapters 1 - 6)

This is an \op en-book” test; you may consult freely your notes, home-
works, text, and any other books you wish; you may usea calculaator or a
computer, and any programs available on a computer. Howewver, you must
not receiwe help, in any form, from anyone else. Make your responsesbrief
but complete; explain your reasoning,and write clearly.

1. a) Determine the value of ead of the following integrals to four digits

accuracy
1 1 2 2
—— _dx / e X dx
/0 1+ x2 2

b) Demonstrate how you know that the rst four digits of your answersto
part (a) are correct.

2. a) Until now, our only solutions to the logistic equation
dP P
— =kP (1- <
&= (1-¢)

have beenprovided by Euler's method. In fact, though, the formula

Cekt
1+ ekt
also provides a solution. Use algebra and the rules for di erentiation to

verify that this formula doesindeed give a solution to the logistic equation.
b) Supposewe extend the formula in part (a) to

P(t) =

CAekt

PO = T3 Aek

where A is any number whatsoever. Verify that this extended formula is
also a solution to the logistic equation, for any value of A.

c) In the formula for P (t), let k = 1, C = 12, and A = 2. Sketch the graph
of y = P(t) onthe interval 0 <t < 20. What is the value of P (0)?

d) Find the formula P (t) for the solution to the initial value problem

dP _ op (1 P

s ) P(0) = 200

1000
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Sketch the graph of this solution over 0 <t < 20.

3. Growth in a seasonally uctuating environmen t. You have already
consideredthe growth of a rabbit population R(t) that is governed by a
logistic model:

dR R .

G AR (1 — 6) rabbits per month.
In this model, the carrying capacity of the environment was assumedto
have the constart value C = 25000 rabbits. Howewer, it is reasonableto
think that the ernvironment can support fewer rabbits in the winter than
in the summer. We can therefore make a more realistic model by having
C uctuate periodically with the seasons.This question investigates what
happensto the population R(t) whenthe carrying capacity dependson time
according to this formula:

C(t) = 25000— 5000coq t=6) rabbits per month.

Here t measuresthe time in months since January 1990.

a) Sketch the graph of C(t) for an interval of 60 months. Indicate on your
graph the lowest value that C achieves, and the months when that occurs.
Also indicate the peak value and the months when that occurs. How many
months are there betweenonepeakand the next? (This is calledthe perio d
of C, and C is said to be perio dic.)

b) Sketch the solution of the new logistic equation

dR R
o - IR (1 ~ 25000— 5000coy t:6)>

for which R(0 = 2000 rabbits. Show at least the rst 120 months. [Note:
part (c) below asksyou to make a second sketch of R(t) after completing
parts (c) and (d).]

c) After about 60 months, R(t) settles in to a uctuating pattern that is
similar to the pattern of C(t)|that is, R(t) becomesperiodic. Determine
the period of R(t), and compare it to the period of C(t). (This means:
decidewhether the two periods are the same,or whether one is larger than
the other.)

d) What are the peakand lowest valuesof R(t), and in what months do they
occur? Compare the peaksof R and C. Are they the samesize, or is one
larger? Which one? Do the peakshappenin the samemonth? If not, which
peaks rst, R or C? Compare the lowest valuesof R and C the sameway.
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e) Summarize your ndings in parts (c) and (d) by sketching on the same
coordinate plane the graphsof R(t) and C(t) over the interval 60 <t < 120.
Your graphs should showv how the peaksof R and C relate to ead other.

4. Prices, demand and prot. Do problems1 and 2 on pages294-295.
5. [Draw a graph of f on a grid and choosevaluesof A < B < C< D
appropriately for your graph and the questionsbelow.]

This question concernsthe function f (x) whosegraph appearsabove.
a) Give a simple argumert that shows

5
Ag/fumxgm
0
b) Give a more detailed argumert that shows

5
Bg/fumxgo
0
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Calculus |
Final Exam, in-classportion (time limit 2.5 hours)
(on chapters 1-6)

This is a \closed-book" test; no books or notes are allowed. You may usea
calculator if you wish.

1. Find the indicated derivatives. [Choosea sample of four or v e from 5.1,
and one accurrulation function from 6.4.]

2. Times aretough in the decaying mill town of Detroit, Oregon. Its popula-
tion P is modelled by the di erential equation P°= —:01P. The population
of Detroit was 2000in 1990.

a) Write a formula for P as a function of t, the time in yearsafter 1990.
b) Using this model, when will the population of Detroit fall to 1000?

3. Use Euler's method with a step sizeof t = :5to estimate y(1:5) given
that y(0) = 1 and y°= y + 1.

4. Find the critical points and global extreme values (that is, the global
maximum and minimum) of y = %x?’ —2x2+ 2 onthe interval —1 < x < 3.
(Be sureto nd both x and y coordinates.)

5. Write out and compute the Riemann sum for f06 2% dx obtained by taking
3 subintervals of equal length and sampling at the midpoints of the subin-
tervals.

6. Here is someinformation about the secondderivative of a function f :
f%%%) >0 for x<2and x> 1

f%)<0 for —2<x<1:

For eadh of the following functions f , indicate whether or not the graph is
consisten with the given information. Briey explain ead of your answers.
[Provide three or four suitable graphs.]

7. Which of the following are solutionsto the indicated initial value problem?
Be sureto explain your answer in ead instance.
a) Isy = it> — 2 a solution to y°= t2, y(3) = 7?
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b) Isy = 2e% a solution to y°= 2y, y(0) = 2?
C)lIsy= f2t In(x) dx a solution to y°= In(t), y(2) = 0?

8. Usethe Fundamenrtal Theorem to nd the exact value of the following
de nite integrals. [Choose?2 from 6.4.]

9. The following is the graph of the velocity (in units of 10000km/sec) of
an electron in a particle accelerator against time. Approximately how far
doesthe patrticle travel fromt = Oto t = 6?7 Explain clearly how you are
calculating your estimate. [Provide a suitable graph of velocity versustime,
with a grid sothat coordinates can be read.]

10. Supposethat you know f (1000) = 375 and f {1000) = —25. Use this
information to estimate f (998).

11. After sketching graphsof a function f (x) and its derivative f {x), a tired
student spilled her co ee on the graph of f (x), and part of the graph was
obliterated, as shown.

[Provide a partial graph of f on one coordinate plane, and a complete graph
of f on a plane just below it.]

Pleaseredraw the graph of f (x) for the studert, using her graph of f {x) as
a guide.
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Calculus |
Sample Quizzes(15-20 minutes ead)

QUIZ 1 (on 1.1)
Consider an epidemic modelled by the rate equations

s® =  _—:0000%lI
1 = :0000%5] —1=5
R® = 15

with initial values(i.e., valuesfor \to day" t = 0)

S=20000 | =100 R= 100

1. Organize your work and your answers for this problem in a single table
for t; S;1;R;S% 12RO

a) Usethe modelto nd valuesof S, I, and R tomorrow.

b) Useyour resultsin (1) to nd valuesof S, I, and R the day after tomorrow.

2. Redo your calculation of the valuesof S, |, and R the day after tomorrow
using a single time step of two days. Again, organize your work and your
answersin a table.

3. For this model with theseinitial values,the graph of | versust appears
belonv. On a certain day|call it day T|the model says the number of
susceptiblesis S(T) = 6;000. Is day T before or after the infection peaks?
How can you tell?

[Provide a graph like the graph of | on page 3 of the text.]

QUIZ 2 (on 1.2)
1. Find the equation of the straight line passingthrough the points (—1;5)
and (1;9).

2. The volume V of a quartity of gas at atmospheric pressureis a linear
function of its temperature T in degrees(centigrade). The gasoccupies500
cubic certimeters when the temperature is 10 degrees,and it lls 1300cubic
certimeters when the temperature is 12 degrees.

a) Find the slope = rate of change= multiplier of this linear function (include
units).
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b) If the temperature goesup by 10 degrees,by how much will the volume
increase?
c) What temperature chanagewould shrink the volume by 100 cubic cen-
timeters?

QUIZ 3 (on 1.3)

1. The amount R of radium (measuredin grams) in a sample changesover
time (measuredin years). The rate R® at which the radium changesinto
lead is proportional to the amourt of radium presen. Measuremens shav
that R9= —(1=2337)R. Assumethat you beginwith a samplecortaining 10
grams of radium. Modify the attached copy of the program SIR to estimate
the amount of radium in the sample after 5 years, using a time step of .5
year. Crossout lines of the program you don't need. Next to ead line of
the program that you needto change,write the appropriate variation.
[Provide a copy of SIR ason page44 of the text.]

2. The variables S;I;R;S% 12 R? have their usual meaningsin a model of
the spread of an epidemic. Use the data sheet provided shawing the esti-
mated values of thesevariables over a 20 day period to answer the following
guestions. For ead question, specify which variable you looked at to answer
the question.

[Provide a printout of the valuesof the variables; label the columnswith the
variable names.]

a) On which day did the epidemic peak?

b) On which day did the largest number of personsfall ill?

¢) On which day did the largest number of personsrecover?

QUIZ 4 (on 3.1and 3.2)
1. A question estimating a rate from a table of values, like problem 5 on
page 94.

2. A question estimating a rate from a graph, like problem 9 on page 105.
QUIZ 5 (on 3.3 and 3.5)

1. A microscope equation problem, like one of those on page 120.

2. Given the graph of a function, sketch a graph of its derivative (like

problem 5 on page 134).

QUIZ 6 (on 3.5)
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1. Find formulas for the derivatives of the following functions [choose two
like thosein problem 6, page 134].

2. Write the microscope equation for y = f(x) at x = a and useit to
estimate the value of the function at x = a+ h [chooseone like problem 12
or 15 on page 136].

3. A motorized toy car is moving along a straight track. Its distance (in
inches) from the starting point is given by D = 3t + 18/t + 5t, wheret is
the number of secondsthe car has beenmoving. What is the velocity of the
car after 9 secondshave passed?(include units)

QUIZ 7 (on 4.3)
1. Dierentiate the following functions [choosetwo like those in problem 3
on page 210].

2. Ched that y = 300e!! is a solution to the initial value problem y°= :1y
and y(0) = 300.

3. The per capita growth rate of Afghanistan was .0216in 1985, and the
poulation then was15 million people. The initial value problem P%= :0216P
and P (0) = 15 summarizesthis information (assumingt = 0in 1985). Write
a formula for P that is a solution to this initial value problem. (You don't
needto ched your solution.)

QUIZ 8 (on 4.4)
1. Determine the numerical value of eat of the following [two like problem
1 on page227].

2. Solwve for x in the following equation: 4e’* = 15.
3. Find dy=dx for y = In(2x3 + 7x).
QUIZ 9 (on 5.3)

1. On the following graph of f (x) on the interval [a;b], mark with an x
(directly on the graph) all critical points of f. [Provide a suitable graph.]

2. Find the critical points of f(x) [one or two like problem 7 on page 274,
but without sketching the graph or analyzing the critical points].
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CALCULUS 11
SAMPLE MIDTERM 1, take-homeportion
(week 4 or 5, on chapters 7 and 11.1-11.3,12.3)

This is an \op en-book” test; you may consult freely your notes, home-
works, text, and any other books you wish; you may use a calculator or a
computer, and any programs available on a computer. However, you must
not receiwe help, in any form, from anyone else. Make your responsesbrief
but complete; explain your reasoning,and write clearly.

1. Do problem 12 on page 402 (soft spring).
2. Do problem 16 on page403 ( rst integral for soft spring).
3. Do problem 27 on page 405 (predator prey|Ma y model).

4. Do problem 23 on page625 ( nding the value of an accunulation function
with a di erential equation solver).

5. a) Obtain a formula for the Fourier sine transform of f (x) = x on the
interval 0 < x < 1. That is, determine

Fs(l) = /lxsin(z I'x)dx:
0

b) Sketch the graph of y = Fg(! ) on the interval 0 <! < 5. At what point
I on this interval doesF¢(! ) attain its maximum? What is the maximum?
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Calculus 11
SAMPLE MIDTERM 1, in-classportion (time limit 75 minutes)
(week 4 or 5, on chapters 7 and 11.1-11.3,12.3)

This is a \closed-book" test; no books or notes are allowed. You may usea
calculator if you wish.
1. Questionson period and/or amplitude (lik e problems1 or 4 on page379).

2. @) Show that E = 1v?+ 1b?x? is a rst integral for the linear spring

XO

v x(0)=a
VO —’x v()=p

b) If v = 0, what is the value of x? (Your answer will be in terms of the
parametersa, b and p.)

c) Usethe rst integral to shav the solution to this system of di erential
equationsis periodic.

3. Find a formula for ead of the following integrals.
[Include a selection of 5 or 6 inde nite and de nite integrals drawn from
11.1-11.3]
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CALCULUS 11
SAMPLE MIDTERM 2, take-homeportion
(week9, on chapters 8 and 11.1,11.4,12.1)

This is an \op en-book” test; you may consult freely your notes, home-
works, text, and any other books you wish; you may use a calculator or a
computer, and any programs available on a computer. However, you must
not receiwe help, in any form, from anyone else. Make your responsesbrief
but complete; explain your reasoning,and write clearly.

1
Jz/ xP dx
1

dependson the value of p. For example,if p= —2thenJ = 1, whileif p=1
then J = oo.

a) Determine all valuesof p for which J = oc.

b) Determine all valuesof p for which J is nite, and determine the value of
J.

1. The value of the integral

2. Predator-prey interactions with harv esting. The basic models of
predator-prey interactions take no outside environmental factors into ac-
count. This question adds one such factor|the e ects of certain human
intervertion, called harv esting with equal eort .

Consider a population of insects, sucd as moths, that damage an agri-
cultural crop. Supposethe moths are kept under control naturally by a
predator|in this case,spiders. But supposethe crop is sprayed repeatedly
with an insecticide like DDT, to reduce the moth population even more.
Doesthe strategy work? The problem is that both spidersand moths die
from the poison, sothe DDT may do more harm than good.

Here is another example, connectedwith Volterra's original studies of
sh catchesin the Adriatic sea. One speciespreys upon the other, and both
are cauglht in nets. Continual shing reducesthe breedingpopulation of eath
species. How doesthis a ect the sizesof the two populations?

Proceedin the following way. Assumethat the orignal predator-prey in-
teraction is modelled by the standard equationsin which the prey population
grows logistically in the absenceof predators:

0 X)L
X ax<1 K) bxy
0

y CXy — ey
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Here x and y are the sizesof the prey and the predator populations, re-
spectively. Spraying or shing (or, more generally, \harv esting") removesa
fraction of the breeding populations of both species. In the absenceof any
more precise information, we assumeit is the same fraction| h. (This is
what we meanby harvesting with \equal e ort.") Thuswe must decreasex’
by hx and y° by hy. Making these modi cations to the basic equations, we
get

0

X ax(l—i)—bxy—hx

K

0 cxy — ey — hy:

y

Now carry out an analysis of the following concrete problem:

X
1x (1— M)) —:005xy — hx
:0000&y — :04y — hy:

0

X

0

y

a) Assume rst that h = 0. That is, examinethe model beforeany harvesting
occurs. Make a sketch in the (x; y)-plane that shavs wherex®= 0 and where
y%= 0. Find the equilibrium points of this system, and mark them clearly
on your sketch.

b) Supposewe begin with x = 2000and y = 10. What happensto x and y
over time?

¢) Now harvest the populations by setting h = :02. Make a new sketch in
the (x; y)-plane that shows the new placeswherex®= 0 andy®= 0, and nd

the new equilibrium valuesof x andy.

d) Supposewe again start with x = 2000and y = 10 but have a harvesting
eort of h=:02. What happensto x and y now?

e) The basicmodel (with h = 0) hasan equilibrium with both predators and
prey presen (that is, x > 0 andy > 0). What happensto this equilibrium

when harvesting occurs? At the new equilibrium, are there more or fewer
predators, and are there more or fewer prey?

f) Doesthe model sugggestthat shing increasesthe proportion of predator
speciesin relation to the prey, or is it the other way around?

g) Does the model support the use of DDT to reduce the population of
moths? Explain your position clearly.

3. The Ric hardson arms race model. Betweenthe two World Wars, the
British physicist Lewis Fry Richardson deviseda simple model to describe
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the \arms races" carried on by various nations at various times. It concerns
two aggressiely hostile courtries or alliances of countries; call them X and
Y. Let x(t) represen the level of hostile activity of X at any time t, and
let y(t) represen the samefor Y. For example, take x to be the annual
armamerts budget of X in billions of dollars, and measuret in years. There
are diversepolitical pressuresin X, sometending to make x increase,some
tending to make it decrease.The sameistrue in Y. Richardsonconcerirates
on three sourcesof pressure:

1. The largery is, the greater the pressureto increasex. [An example: in
the 1980's,the U.S. navy grew in size, partly becausethe Soviet navy
grew.]

2. The larger x is, the greater the pressureto reduce x. [An example:
it is costly for the U.S. to maintain large garrisons around the world;
somein Congressargue the money would be better spent supporting
social programs at home.]

3. Citizens of X may have a grievanceagainst Y, independert of the size
of either's armameris expenditures. [An example: Until quite recertly,
communism was widely consideredto be repugnart in the U.S., and
the Soviet Union was labelled\an evil empire."]

Richardson assumesthat x changesin responseto ead of these pressures,
and he expresseghe rate at which x achangesby the following di eren tial
equation (represerting, in order, ead of the three sourcesof pressurelisted
above):

x°= ay—mx + g

A similar equation describeshow y changes:
y°= bx—ny + h

The values of the coe cients a, b, m, n, g and h are to be determined by
the circumstancesof a particular case.

Now, considertwo possibilities: in the rst, the type 2 pressuresare
larger than the type 1 pressuresfor both X and Y. In other words, eath
prefersto spendits money on domestic needsrather than armamerts. Here
is a speci ¢ example:

x0 = ly—:3x+ 4
22X — by + 3

<
=}
1
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For the secondpossibility, supposethat the pressuresfor X are reversed,
while those for Y are unchanged:

x0 = By—:x+ 4
yo = 2x—:5y+ 3

a) For ead of the two specic possibilities, determine whether there are
hostility levels x and y for which the various pressuresexactly balance, so
that x and y do not change over time. If so, what are those levels?

b) Supposethe current hostility levelsare x = 10 and y = 20. For ead of
the two speci ¢ possibilities, what are the hostility levels after one year and
after two years? What happensin the long run?

c) What is the essetial dierence betweenthe two possiblities preseried
above. Explain how the outcomesare di erent, and explain why they are
di erent.

4. Problem 7(a)-(c) on pages698-699(one-dimensionalrandom walk, using
Stirling's formula).
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Calculus 11
SAMPLE MIDTERM 2, in-classportion (time limit 75 minutes)
(week9, on chapters 8 and 11.1,11.4,12.1)

This is a \closed-book" test; no books or notes are allowed. You may usea
calculator if you wish.

1. Consider the function f (x) = x° — 4x? + 7. Supposethat g(x) is the
inversefunction for f. a) What is f (1)? What is g(4)?
b) What is g44)?

2. Usethe method of separation of variable to nd formulas for the solutions
of the following di erential equations. [Choosetwo or three like problem 2,
page 653.]

3. A warming liquid. [Usea variation of problem 3 on page 653.]
4. Logistic growth. [Usea variation of problem 13 on page 656.]

5. Assume we have three initial value problems, ead de ning solutions
x = x(t) andy = y(t). Below are graphs of their solutions x(t) and y(t)
versust, labelled (a), (b) and (c). There are three more graphs which show
the trajectories corresponding to ead of these solutions in the state space
which is the x; y-plane. These are labelled (i), (ii) and (iii). Match ead
of the graphs (a)-(c) to the corresponding graph (i)-(iii), and explain your
reasonsfor matching them as you do.

[Provide the six graphs;include, for example, a periodic solution, a solution
that stabilizes, and a solution with damped oscillation.]
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CALCULUS 11
FINAL EXAMINA TION, take-homeportion
(on chapters 7-12, emphasizing9 and 10)

This is an \op en-book” test; you may consult freely your notes, home-
works, text, and any other books you wish; you may use a calculaator or a
computer, and any programs available on a computer. However, you must
not receiwe help, in any form, from anyone else. Make your responsesbrief
but complete; explain your reasoning,and write clearly.

1. The function E de ned by

_i o
E(x)—\/_/oe dt

is called the error function (and is important in mathematical statistics).
Find its Taylor seriescertered at a= 0.

2. UseTaylor's theoremto estimate /e to 4 decimal places. Carefully justify
your choice of the degreeof the approximating Taylor polynomial.

3. A ball is droppedfrom a height of 1 meter onto a smooth surface. On eath
bounce, the ball risesto 60 percert of the height it reached on the previous
bounce. Find the total distnace the ball travels. (Hint: be carefulldra w a
picture.)

4. Considerthe function f (x;y) = x3+ y3 — 12(x + y).

a) Find all critical points of f and determine the type of ead.

b) Sketch represenativ e level curvesof f in the (x; y)-plane on the domain
—7<x<7,-7<y<7. Besureto include the zerolevel. Mark ead level
that you draw with the value of f on that level.

¢) Mark the location of ead critical point of f on your sketch. Indicate how
the pattern of level curvesaround a critical point con rms its type, asyou
determined in part (a).

5. Usethe function f from problem 4 to construct the vector eld grad f.
Recall that the gradient eld de nes a dynamical system:

dx _ @, .
gt @(X: y)
dy @

at = @(X; y)
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a) Sketch represertativ e vectors and trajectories for this vector eld of the
domain —7<x <7, -7<y<T7.

Commernt: Vectorsand trajectories of grad f should be perpendicular to the
level curvesof f that you found in question 4. Is this so?

b) Find all the equilibrium points of grad f

c) Sometrajectories of grad f go to the local maximum of f . Mark on your
sketch all starting points for trajectories that go to this local maximum.
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Calculus 11
Final Exam, in-classportion (time limit 2.5 hours)
(on chapters 7-12)

This is a \closed-book" test; no books or notes are allowed. You may usea
calculator if you wish.

1. Evaluate ead of the following integrals. [Choosean assortmen of 5 or 6
from 11.1-11.4and 11.7.]

2. Find a formula for the solution to the initial value problem

y’=3t%y y(0)=5

3. a) Let f(x) = e¥. Write a polynomial P(x) of degree2 satisfying
P(0) = f (0), PY0) = f0), and P°Q0) = f °¢0).
b) Find a Taylor polyomial of degree7 for

/exzdx

4. Determine the value of eadt of the following in nite sums.
[Choosetwo like parts of problems 1 or 2 on pages588-589.]

5. Find the radius of corvergenceof eat of the following.
[Choosetwo like parts of problems 10 or 11 on page593.]

6. Write a sertence or two explaining why we studied the harmonic series.

7. Use Taylor polynomials to nd an estimate for coq:1) that is accurate
to 3 decimal places. Explain how you know your answer has this accuracy
(other than by comparing to what your calculator givesyou for cos(1)).

8. The variablesx andy represen the sizesof two populations, one of which
preys on the other. The way these two populations change over time is
modelled by the di erential equations

XO

ax + bxy

y© cy — dxy
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where a, b, c and d are positive parameters. Which variable represens the
predator and which the prey? How can you tell?

9. [A microscope equation problem like one of problems 34-56 on pages
496-499.]

10. The following questionsrefer to the cortour plot of z = f (x;y) below.
[Draw a contour plot with a local maximum and a saddle like the one on
page512; mark a point P on the top edge.]

a) Mark the critical points of f.

b) Assumingthat f hasa local maximum, draw seweral gradiernt vectors of
f.

¢) Draw on the cortour map the quickestpath down from the local maximum
to the point P. What principle guidesthis path?



102 APPENDIX B: SAMPLE EXAMS AND QUIZZES

Calculus 11
Sample Quizzes(15-20 minutes ead)

QUIZ 1 (on 7.2)
1. What are the amplitude, period and frequency of f (x) = 6sin(5x)?

2. Usethe de nition of the circular functions to explain the following.
a)sin(3 =2)= -1
b) cog—t) = coqt)

QUIZ 2 (on 11.1)
1. Find a formula for ead of the following inde nite integrals.
[Choosetwo like parts of problem 10 on page621.]

2. Find the areaunder the curvey = f (x) for x betweena and b.
[Chooseone like problem 24 or 25 on page 625.]

QUIZ 3 (on 11.2)
[Choosetwo like parts of problems 1 or 2 in on pages632-633.]

QUIZ 4 (on 11.3)
[Choosetwo like parts of problem 1 on pages637-638.]

QUIZ 5 (on 8.1)

[Choose a simple system of di erential equations like problem la on page
424.]

a) Draw (in red) the set of points where R%= 0, and mark the regionswhere
R%> 0 and R°< 0.

b) Draw (in blue) the set of points where F® = 0, and mark the regions
where F%> 0 and F°< 0.

c) Mark any equilibrium points.

d) Sketch represenativ e vectors of the vector eld.

QUIZ 6 (on 11.1)
1. Sketch the graphsof y = 2x + 5 and its inverseon the sameaxes.

2. a) Sketch the graphsof y = f (x) = x? for x > 0 and its inversey = g(x)
on the sameaxes.

b) What is the slope of f at x = 3?

c) What is the slope of g at x = 9? Answer this question without di eren ti-
ating g.
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QUIZ 7 (on 11.4)
1. Separation of variables|c hooseone like one part of problem 2 on page
653.

2. Partial fractions|c hooseone like one part of problem 10 on page 656.

QUIZ 8 (on 10.2)
1. Find a Taylor polynomial from the de nition|c hooseonelike problem 6

on page548.

2. Find a Taylor polynomial for an anti-derivative|c hooseone like part of
problem 1 on page 548.

QUIZ 9 (on 10.4)
Find a power seriessolution for a di erential equation|c hooseonelike part

of problem 1 on page571.



104 APPENDIX B: SAMPLE EXAMS AND QUIZZES



App endix C: Drill Sheets

Hereis a list of the supplemenary drill sheets,with an indication in paren-
thesesof the sectionin the book they are appropriate for. You should feel
free to photocopy them for your own use.

page
(1.2) Equations of Lines ::::::iiiiiinnniiiiiniiinnnnn 107
(1.2) Solution sheetfor the preceding::::::::ioiiiiiiiiin: 108
(1.2) A Drill Sheeton Lines (2 pages) ::::::iiiiiiiiiiiiiin 109
(1.2) One-a-Day Functions (2 pages) :::: i 111
(3.2) The Microscope Equation :::::::iiooriiiiiriiiniiiii 113
(3.5) Di erentiation Practice for 3.5 ::::::iiiiiiiiiiiiiiiiiis 114
(3.5 and 3.6) Di eren tiation Practice for 3.5and 3.6 :::::::::::: 115
(4.3) Thinking Exponertially :::::::ciiooiiriiiiiiiiiiiiiiiiii 116
(5.1) Di erentiation Practice for 5.1 (2 pages) ::::::::iiii 117
(6.4) Integration Practice for 6.4 ::::::icciiiiiiiiiiiiiiiniiins 119
(11.1{11.3) Integration Practice for 11.1{11.3 :::::::::::::i0000: 120

* not in this document version

105
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A Drill Sheet on Lines

1. Circle the points that lie on the liney = 5x + 2:
(0;2) (—2;0) (3;17) (17;3) (-1,-3) (-3 -9
2. The line which passesthrough the points (1;2) and (7;8) has slope

; its equationisy = X+ ; and it also passeghrough
the points (16; ), ( ;:6), and (0; ).
3. a) Specify a couple of other points on the line which passesthrough
(1;1) and has slope 3: ( , ), ( , ).
b) What is the equation of this line?

4,
T F Linesare parallel if they have the sameslope.

T F There is only one straight line passingthrough the points
(2;17) and (—3;5).

5. At what point dothe linesy = 2x —1 andy = x + 3 intersect?

6. What is the equation of the line passingthrough the points (5;3) and
(10;23)?

7. a) A line with slope 3 passesthrough the point (2;5); it also passes

through the points (3; ), (2:1; ), (1:8; ), and (2 +
a; ). (You should do these without rst nding the equation of
the line.)

b) If, as it passesthrough the point (1;17) a curve is approximately a
straight line with slope 3, approximately what will the secondcoordinate
y beif (1:001y) is to lie on the curve?

8. Knowing that the freezing temperature of water is 0 Celsiusand 32

Fahrenheit, and that water boils at 100 Celsiusand 212 Fahrenheit, see
if you can gure out the formula which converts from one scaleto another.
(Hint: If you think of graphing Celsiustemperatures along one axis and the
corresponding Fahrenheit temperatures along the other axis, what sort of
gure would you get? Do you know any points on this gure? Why is this
exactly the samekind of problem as problem 67?)
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9. Which of the following functions would you expect to have straight line
graphs?
a. the costof ataxi ride asa function of its length in miles
the height of a tree as a function of its age
the number of liters as a function of the number of pints
the circumferenceof a circle as a function of its radius
the area of a circle as a function of its radius
the population of the earth as a function of time
the logarithm of the population of the earth as a function of time
the value of a car as a function of its age

Se@ "o a0T
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One-a-Da y Functions

Here are some problems which have appeared in virtually ewvery calculus
book written over the last thirt y years. For ead problem you should

e (Except for problems 4 and 6.) Draw a simple picture labelling the
di erent variables you are using and their relation to ead other.

e Find the generalfunctional relationship betweenthe variables.
¢ Identify the domain of the function that makes physical sense.

e Sketch what you think the graph of the function lookslike|lo oking at
the edgesof the domain is often helpful in this. Then usethe computer
to graph the function, and compare this with your sketch. With the
computer, locate interesting points, sud as maxima and minima and
explain why these points might be of interest in the context of the
problem.

1. A farmer has90' of fencing out of which sheplansto make a rectangular
sheeppen up against the side of her barn, using the barn itself for one side
of the pen and the fencingfor the other three sides. (The barn is 100’ long.)
The total area A of the pen will thus vary with the shape of the rectangle
formed. Let x be the length of the pen along the barn.

(Can you think of a simpleway to nd the value of x giving the maximum
area without using the computer (or calculus)?)
2. Supposewe want to make a toplessbox with a squarebottom and rect-
angular sides, holding 80 cubic inches. The amount of material neededto
make the box is essetially the sameas the surface area of the box. How
doesthe surfacearea of the box depend on the length of the bottom edge?
3. A lighthouse is 8 miles 0 shore, the coast line being straight. Fifteen
miles up the bead is a town. Supposethe lighthouse keeper can row at the
rate of 2 mph and can walk at the rate of 4 mph. If he rows his boat to
somepoint on shoreand then walks to town, how doesthe total time of the
trip depend on where he beadeshis boat?
4. A truck is to be driven 300 miles at a constart speedof x mph. Speed
laws require 30 < x < 65 (on a rural highway). Assumedieselfuel costs 90
certs/gallon and is consumedat the rate of 2+ (x2=200) gallons/hour. List
some of the features of this model for the rate at which fuel is consumed
and explain why the model is or is not reasonable.If the driver's wagesare
$16/hour, how doesthe total cost of the trip vary with the speedx?
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5. Supposewe want to make a poster cortaining 50 squareinchesof printed
matter surrounded by a 3 inch border at the top and bottom, and a 2 inch
border along ead side. How doesthe total areaof the poster depend on the
width of the printed matter?

6. Supposea manufacturer of plastic wombats gures out that the number
N of wombats shecan sell at a price of p certs ead is given by the rule

_ | 400(1— (p=50)) if 0< p< 50
N(p)‘{o if 50< p

and that the cost per wombat is given by C(N) = (100N + 200)=(5N + 2)
certs. List someof the key features of thesemodelsfor N (p) and C(N) and
explain why ead model is or is not reasonable.Expressher total costsand
income in terms of the unit price p. How doesher prot depend on p?

7. A piece of wire 30" long is cut into two pieces. One pieceis bent into
a square, the other into a circle. Expressthe sum of the areasof the two
gures as a function of the length of the piecethat is bernt into a square.
8. We want to make a nice Roman window in the shape of a rectangle
surmounted by a semicircle. If the perimeter of the window is to be ft y feet,
how doesthe area of the window depend on the diameter of the semicircle?
9. A 6 foot fencestands 8 feet away from a building wall. A ladder leaning
on the top of the fencejust readesthe building wall. Expressthe length of
the ladder as a function of the distance from the foot of the ladder to the
bottom of the fence.
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The Microscop e Equation

1. Supposethe volume of a right circular cylinder is:

a) Find Vwhenh=6cmandr = 2cm.

b) If the height of the cylinder stays at 6 cm then V(r) = 6 r2. UseV(2)
and VY2) to approximate V (2:1).

c) What is the microscope equation that you usedin b)? (i.e., what is the
approximate changein V?)

d) What is the exact value for V(2:1)? What is the exact value for V?

2. The edgeof a cube is measuredto be 10 cm with a possible error of
.02 cm. Usethe microscope equation to nd an upper bound on the error
involved in calculating the volume of the cube to be 10° = 1000 cubic cm.

3. Usethe microscope equation to approximate the following expressions,
using a nearby point where the functions is known.

a) (9:06)
b) (3:07)

c) (488)2
1
9 Tog
1
315
f) (:000063f
g) x>+ 2x —3atx = 1.07

h) (15):25

e)
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Dieren tiation Practice for 3.5

In problems 1{14, nd formulas for the derivatives of the functions:

1. x°

2. X

5 1

4. u”

5. W

6 1

7. 33 —5x?+2

8. 5ud— u+ 17

9. L7w— w+ 3 —

10. mx+ b (m and b are constarts)
11. =3t + vt + dy (g, Vo, and dy are constarts)
12. 3sin(x) + 2x* -5

13. —icosu+ 2

14. tanz —3sinz + 2z°

15. The formulad= —16t2+ 10t+ 100 givesdistancetravelled asa function
of t. Find a formula for the velocity.

16. Usethe derivative of y = x? to explain why the graph of y has the
shape it has: falling for x < 0, a minimum at x = 0, and increasing for
x> 0.

17. (Seethe supplemern to 1.2, problem 1) The formula for the area A of
the sheeppenasa function of the length x along the barn is A = 45x — %x?

a) Find a formula for dA=dx

b) Use your formula from (a) to explain why x = :45 gives the maximum
area.

18. dy=dx = 6x2. What is a formula for y?



Di eren tiation Practice for 3.5 and 3.6

Di eren tiate the following functions:

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

cosdw

sin6t

x3 + 2tan 5x
sin(e*)
5coq1 — 2u)
tan(3z + 2)

sin(x2+ x + 1)
glanx
2sin(3w)
V/sin(2x)
7 cos (4w)
/3w — 5wP
cog(vV1+ 2X)
1=/2x + 5

822,/7 -5¥z

5
(4x2 + 2523

41

t
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Thinking Exp onentially

In the problems below, show all your work and your reasoningprocess.

1. Virtually all living things take up carbon as they grow. This carbon
comesin two principal forms: normal, stable carbon|C '?|and radioactive
carbon|C . C! decas into C'? at a rate proportional to the amourt
of C!* remaining. While the organism is alive, this lost C'* is cortinually
replenished. After the organism dies, though, the C'* is no longer replaced,
sothe percertage of C'* decreasesxponertially over time. It is found that
after 5730 years, half the original C'* remains. If an archaeologist nds a
bone with only 20% of the original C'* preser, how old is it?

2. The human population of the world appearsto be growing exponertially .
If there were 2.5 billion peoplein 1960, and 3.5 billion in 1980, how many
will there be in 2010?

3. Acupofcoee at 80 C is placedin a room whosetemperature is 20
C. After 10 minutes the temperature of the co ee is found to be 60 . If
we assumethat the rate at which the temperature di erence changesis
proportional to the di erence, How long doesit take for the temperature to
reach 25 ? (Thus we are assumingthat if the temperature of the co ee at
time t is T(t), then the dierence D(t) = T(t) — 20 satis es the condition
Dqt) = —kD(t) for someconstart k.)

4. If bacteria increaseat a rate proportional to the current number, how
long will it take 1000bacteriato increaseto 10,000if it takesthem 17 minutes
to increaseto 2000?

5. Supposesugarin water dissolves at a rate proportional to the amount
left undissolwed. If 40 Ib. of sugar reducesto 12 Ib. in 4 hours, how long
will you have to wait until 99% of the sugar is dissolved?

6. Atmospheric pressureis a function of altitude. Assumethat at any given
altitude the rate of change of pressurewith altitude is proportional to the
pressurethere. If the barometer reads 30 psi (pounds per squareinch) at
sealevel and 24 psi at 6000feet above sealevel, how high are you when the
barometer reads 20 psi?
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Dieren tiation Practice for 5.1

Di eren tiate the following functions

7. t2.cost
3
X° — 2X
8.
COSX
sinx
9.
x3 -5

10. €(3x° + 7x?)
11. 3e %-sin(2 2)

(3t + 5)°

12, T
@)t

13. (x5 —1)3(7x + 5)?

a4 + 7
14.
2t -3
tan w
T

16. (3x° + 7)(2x — 1)
17. (15s+ 3)(16s* + s?)

X2

18. sin(x)
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Di eren tiation Practice for 5.1|page 2
19. sin(x?)

20. sin(x) + x2

1. 5x2 + In(x)
7y/X+ 5
cos(t)

22, &
5Vt

23. 3+ t-17

24. Find partial derivatives of the following functions
a) x2-sin(y)

b) sin(x2y)

c) In(x + 2y)

d) ev¥

Xy
e) X2y3 + 1

25. Write the microscope equation for
a) f(x)=3x2+5x —sin(x) atx =0

b) f(xy) = L COS®)

5 202

26. Dierentiate and SIMPLIFY :
p_

a) (vx—1e *

b) In(x+ v1+ x2)
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Integration Practice for 6.4

1. Do ead of the following two ways: (i) by hand (using antidi eren tion)
and (ii) using RIEMANN

3
a) / 2x dx
1
2
b) / —3x2 dx
1

2
c) / e dx
0

3=

d) / cosx dx
=2
=4

e) / sin2x dx
=8

f) /2 *(x8 — v

9 /21(x2 + 36X)dx
1

dt
Vit

a) What is f (1)? What is the sign of f (x) for x > 1? What is the sign of
f(x) for x < 1?

X
2. Letf(x) = /
1
b) Find a formula for f {x). Sketch a graph of y = f {x).
c) Find a formula for f °x). Sketch a graph of y = f 9%¢x).

d) Usethe information in (a) - (c) to make a rough sketch of the graph of
y = f(x) on [—4; 4].
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Integration Practice for 11.1-11.3

1.

2.

4 3
/\/>?+—dx
2 X

X
F(x) = / tv/1+ t2 dt. Find a formula for F(x). Ched that F{x) =
0

Xv1+ x2.

w

© N o g &

10.

11.

12.
13.
14.
15.

/é 1- t} dx

J sin(2w) dw

[ v/cogx) sin(x) dx
[ 2e¥+2 dx

(e + e X)% dx

J €5 coq€’) ds

6
/3x+5dx

1
/(2x+3)2 dx

3x2—2xOI
/x?’—x2 X

J +/In(x) dx
Ji (e — &)y dx

Find the area of the region undery = xe * betweenO and 3.

Find the volume of the solid formed by rotating around the x-axis the

region undery = x3 between0 and 2.

16.

Find the distance travelled by a particle travelling with velocity v =

2coq3t) for 0 <t < 1.

17.
18.

Solve the initial value problem y°= 3e?, y(0) = 5.

Write a Riemann sum approximating the areain #15, using 3 subin-

tervals of equal length and sampling midp oints.

19.

Do the samefor #17, using 2 subintervals.
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App endix E: Supplemen tary
Programs

Teadersvary considerablyin the point at which they switch from computer
programs to commercial software. For those of you who like to continue
the use of programming in your course here are some additional programs
which are a bit more sophisticated than thosein the text. They are written
in TrueBasic, but can be readily adapted to other dialects. In addition
to performing useful mathematical operations, these programs also contain
features like drawing gridlines, using dialog boxes, and mouseinput which
make them more useful to students. These features can be left out if you
want a bare-bonesutilit y.

Runge-Kutta Dieren tial Equation Solvers If you choose not
to move to fancier software for solving di erential equations, one of the
most useful programs you will needis a numerical method that corverges
more rapidly than Euler's method. The most common improvemert is the
4th order Runge-Kutta method. The method essetially involves a more
sophisticated weighting of the slopes in the neighborhood of the current
point to determine the direction and distance of the next step. Details can
be found in most numerical methods books. We give two versions. The rst
(RUNGE1.TRU) solvesa simple rst order di erential equation and plots the
result in the t-x plane. The second(RUNGE2.TRU) solves a pair of linked
di erential equationsand plots the results in the x-y phaseplane.

133
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The example usedin this program is the logistic equation

d ,

d—f = :1x (1 — x=10000)  with x(0) = 500
While x%only dependson the value of x in this example,the method can be
used unchanged for caseswhere x° dependsonly on t, or on both x and t.
For this reason,the de ning function is written as func(x,t), eventhough

only x is involved in this case

RUNGE1.TRU
i Specify initial values and functions
LET tinitial=0
LET tfinal=100
LET xmin = 0

LET xmax = 15000
LET numberofsteps = 1000

LET deltat = (tfinal-tinitia [)/ numbeofsteps

DEFfunc(x,t) =.1 * x * (1 - x / 10000) 'the rate of change function
e Subroutine to draw gridlines

SUBmakegrid

SET COLORred"

LET numbhlines = 10 !'number of horizontal grid lines
LET numbvlines = 20 'number of vertical grid lines
LET hspacing = (tfinal - tinitial)/numbvli nes
LET vspacing = (xmax - xmin)/numbhlines
SET TEXTjustify  "left","half"
FORK = 0 to numbhlines

LET x = xmin + k*vspacing

PLOTtinitial,x;tfin al ,x
PLOTTEXT, AT tfinal-.8*hspaci ng, x:str$(truncate (x,3) )
NEXTk

SETTEXTjustify  "center", "bottom"
FORk = 0 to numbvlines
LETt = tinitial + k*hspacing
PLOTt,xmin;t,xmax
PLOTTEXT, AT t, xmin+.2*vspacin g:str $(tru ncate (t ,1))
NEXTK
ENDSUB

m Set up the screen
SET WINDOMhitial, tfinal, Xmin, xmax
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SET BACKGROURDLORyellow"

CALL makegrid

SET COLORred"

PLOTtinitial,0; tfinal,l0 ! Drawsthe t-axis (in red)
SETCOLORDblue" !Specify color for graph

TN Run Runge-Kutta

LETt = tinitial
LET x = 500
PLOTt,X;

FORK= 1 TO numberofsteps
LET k1 = func(x,t)*deltat
LET k2 = func(x + .5*k1,t + .5*deltat)*delta t
LET k3 = func(x + .5*k2,t + .5*deltat)*delta t
LET k4 = func(x + k3,t + deltat)*deltat
LET deltax = (k1 + 2*k2 + 2*k3 + k4)/6
LETt =1t + deltat
LET x = x + deltax
PLOTt,x;
NEXTk
PRINT USING "#HH# #HHHH #HHHE R 1 X
END



137

The example usedsolvesthe initial value problem

dx _
dt

with initial values

15x(1 —:005¢ —:010y) and % = :03y(1 — :004x — :005y);

x(0) = 30 and y(0) = 50

Again, the de ning rate equations could be speci ed to involve t also.

RUNGE2.TRU
i Specify initial values, ranges, and functions
LET xmin = 0
LET xmax = 400
LETymin = 0
LET ymax = 400
LET xinitial =30
LET yinitial = 50

LET deltat = .1
LET numberofsteps =3000
IEnter the functions in the rate equations

DEFxprime(x,y) = .15*x*(1-.005*x -.0 10*y)
DEFyprime(x,y) = .03*y*(1-.004*x -.0 05*y)
i Subroutine to draw gridlines
SUBmakegrid

(Here you would typein the grid-making subroutine similar to that in RUNGE1
ENDSUB

i Set up the screen and run program
LET hwidth = xmax- xmin
LET vwidth ymax - ymin
SET WINDOWMiIn-.05*hwidth,  xmax+.05*hwidth,y min-. 05*vwid th, ynax+.0 5*vwidth
SETBACKGROURDLORblack"
CALL makegrid
1 Put an! in front of this line if you dont want a grid
LET x = xinitial
LETy = yinitial
PLOTX,y;
FORK= 1 TO numberofsteps
LET k1 = xprime(x,y)*delta t
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LET hl = yprime(x,y)*delta t

LET k2 = xprime(x+.5*k1,y+ .5*hl1l)* deltat
LET h2 = yprime(x+.5*k1,y+ .5*hl1)* deltat
LET k3 = xprime(x+.5*k2,y+ .5*h2)* deltat
LET h3 = yprime(x+.5*k2,y+ .5*h2)* deltat

LET k4 = xprime(x+k3,y+h3) *delt at
LET h4 = yprime(x+k3,y+h3) *delt at
LET deltax = (k1 + 2*k2 + 2*k3 + k4)/6
LET deltay = (h1 + 2*h2 + 2*h3 + h4)/6
LETy =y + deltay
LET x = x + deltax
PLOTX,y;
NEXTK
END

Remark: Note that RUNGE2 can beimmediately usedto solve a secondorder
di erential equationin x by de ning y = x°
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The previous program| Runge2|had the disadvantage that you had to
reerter the program ead time you wanted to plot a new trajectory to type
in the coordinates of the starting point. Here is a program that allows the
student to point and click with a mouseto specify the starting point for a
trajectory in the phaseplane. There is also a dialog box that prints the
coordinates of the starting point chosenand givesthe student the option of
plotting a new trajectory after ead run. Instead of using mouseinput, a
dialog box could also be usedto get the coordinates of the next tra jectory.

PHASE.TRU

i Specify initial values, ranges, and functions

LET xmin = 0
LET xmax = 400
LETymin = 0

LET ymax = 400

LET deltat = .1

LET numberofsteps =2000

DEFxprime(x,y) = .15*x*(1-.005*x -.0 10*y)
DEFyprime(x,y) = .03*y*(1-.004*x -.0 05*y)

i Subroutine to draw gridlines
SUBmakegrid

(Here againyou would typein the grid-making subroutine similar to that in RUNGE1
ENDSUB

i Runge-Kutta approximation
SUBrunge
PLOTX,y;
FORK= 1 TO numberofsteps
LET k1 = xprime(x,y)*delt at !This would just be deltay in Euler's
method
LET hl = yprime(x,y)*delt at !This would just be deltayprime in
Euler's method

LET k2 = xprime(x+.5*k1,y +.5*h1)*delt at
LET h2 = yprime(x+.5*k1,y +.5*h1)*delt at
LET k3 = xprime(x+.5*k2,y +.5*h2)*delt at
LET h3 = yprime(x+.5*k2,y +.5*h2)*delt at
LET k4 = xprime(x+k3,y+h3 )* deltat

LET h4 = yprime(x+k3,y+h3 )* deltat
LET deltax = (k1 + 2*k2 + 2*k3 + k4)/6
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LET deltay = (h1 + 2*h2 + 2*h3 + h4)/6
LETy =y + deltay
LET x = x + deltax
PLOTX,y;
NEXTk
ENDSUB

m Set up the screen
LET hwidth = xmax- xmin
LET vwidth = ymax- ymin
OPEN#1l:screen 0,1,.88,1
OPEN#2:screen 0,1,0,.87
SET WINDOWMiIn-.05*hwidth,  xmax+.05*hwidth,y min-. 05*vwid th, ynax+.0 5*vwidth
SETBACKGROURDLORblack"
CALL makegrid
WINDOWL
RANDOMIZE
LET ans$="y"
DOwhile ans$="y"
WINDOW2
SET COLOR.+int(15*rnd)
GETPOINTX,y
WINDOWL
SET COLORwhite"
PRINT “Initial values: x=
WINDOW2
CALLRunge
PLOT
WINDOWL
PRINT"Final values: x="x;" y="iy
INPUT prompt "Another? (y or n) "ans$
CLEAR
LOOP
PRINT "done"
END

X
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Here's a program for quickly plotting a vector eld (without arrow-
heads!),with the additional possibility of zooming in by a factor of 10 on the
certer point. You could combine this program with features of the previous
program{PHASE{to get a program which would plot trajectories in a vector
eld.

VECFIELD.TRU

i Specify initial values, ranges, and functions

LET xcenter = 50 !coordinates of center of screen

LET ycenter = 50

LET screenhalfwidth = 50

LET deltat = 1 !you mayneed to fiddle with this to get it started right
DEFxprime(x,y) = .15*x*(1-.005*x -.0 10*y) !the functions in the differential
equation

DEFyprime(x,y) = .03*y*(1-.004*x -.0 05*y)

| Subroutine to draw gridlines
SUBmakegrid

(Here againyou would typein the grid-making subroutine similar to that in RUNGE1
ENDSUB

mm Subroutine to draw vector field
SUBarrows
FORj = 0to 20
FORk = 0 to 20
LET x = xmin + j*hwidth/20
LETy = ymin + k*vwidth/20
PLOTX,y;x+xprime(x, y)*delt at, y + yprime(x,y) * deltat
NEXTK
NEXT]
ENDSUB

i Set up the screen
OPEMt1:screen 0,1,.88,1
OPEN¢2:screen 0,1,0,.87

LET ans$="y"
DOwhile ans$="y"
WINDOWR2
CLEAR
LET xmin = xcenter - screenhalfwidth
LET xmax = xcenter + screenhalfwidth

LET ymin = ycenter - screenhalfwidth
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LET ymax = ycenter + screenhalfwidth
LET hwidth 2 * screenhalfwidth
LET vwidth = 2 * screenhalfwidth
SET WINDOWMmin-.05*hwidth,  xmax+.15*hwidth, ymin-.0 5*vwidth,y max. 05*vwid th
SETBACKGROUNDLORblack"
IF screenhalfwidth > .001 then CALLmakegrid
SET COLORyellow"
CALLarrows
WINDOWL
SET COLORwhite"
INPUT prompt "Another? (y or n) "ans$
CLEAR
LET deltat = deltat/10
LET screenhalfwidth = screenhalfwidth/1 0
LOOP
PRINT "done"
END
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