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Professor Elizabeth Denne and I continue work I started in a research program (summer 2007).
We aim to find which polygonal knots have least Minimum Distance Energy. I previously showed
that the energy is minimized for convex polygons. We hope relating the energy to chords of polygons
will be a helpful step towards showing that regular n-gons have the least minimum distance energy
for all polygonal knots.

1. INTRODUCTION

Minimum distance energy is an energy on polygonal knots which has recently been defined.
Jonathan Simon [14] showed that the minimum distance energy of polygonal knots exists and in-
vestigated some of its properties in 1997. He found that in experiments seeking to find the position
for least minimum distance energy of various polygons, edge lengths equalize and angles open to
become closer to those of regular polygons. Experiments I did in my previous research [15] also
suggested that as minimum distance energy is reduced knots open and equalize. Several works ex-
plore the relationship between the Möbius energy (also known as O’Hara energy) of smooth knots
and the minimum distance energy of polygonal knots [11, 12, 16]. Möbius energy is minimized for
a perfect circle [11, 12], and a regular n-gon is a polygonal approximation of a circle.

Based on this evidence, we conjectured that regular n-gons have least minimum distance energy.
In my previous research I noted that a standard planar circle also encloses the most area for a fixed
perimeter [15] and similarly, that the regular n-gon maximizes area for all n-gons [3]. Thus,
I explored techniques used to solve the isoperimetric problem in order to build support for the
conjecture that the regular n-gon minimizes minimum distance energy. That work allowed me to
show that convex polygonal knots minimize this energy.

Elizabeth Denne and I have been investigating results by Lükő Gábor related to the average
chord length of curves. Jason Cantarella [1] worked with others to use Lükő’s results to prove that
circles minimize Möbius Energy. We now investigate to see if similar methods can be used to show
that the discrete version, minimum distance energy, will be minimized for regular n-gons, that is
for polygonal approximations of the standard planar circle. We give advice on how Lükő’s results
could be manipulated to help prove the following conjecture.

Conjecture. Regular n-gons have least minimum distance energy.

∗Special Studies with Professor Elizabeth Denne, Smith College, Mathematics and Statistics Department, Northamp-
ton, MA
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1.1. Definitions and theorems

Definition 1. We denote the length of a line segment, X , as `(X). A line segment between the
points p and q is denoted pq and has length |p − q|. The minimum distance between the line
segments X and Y occurs between some point p on X and some point q on Y , and the distance
|p− q| is denoted md(X,Y ).

Definition 2 ([11]). The Minimum Distance Energy for a pair of nonconsecutive edges, X and Y ,
of an n-gon, is Umd(X,Y ) = `(X)`(Y )

md(X,Y )2
. For a polygon P ,

Umd(P ) =
∑

all edges X

∑
Y 6=X, nor adjacent

Umd(X,Y ).

Remark 1. Note that Umd is defined only for n-gons with n ≥ 4 or else the n-gon would have no
pairs of non-adacent edges.

Remark 2. Simon’s original formula [14] for the Minimum Distance Energy of a polygon P , is

U ′md(P ) =
∑

X, Y, non-consecutive edges of P

Umd(X,Y ).

We will refer to Umd, as minimum distance energy although it is slightly different than this original
version. The definitions differ as one defined for unordered the other for ordered pairs and therefore
Umd(P ) = 2 ·U ′md(P ), so any differences between the definitions are otherwise trivial. Following
the example of [11], we use Umd since it can be thought of as the discrete version of Möbius
Energy, defined below.

Definition 3 ([1, 11]). The Möbius Energy (or O’Hara Energy) of a smooth knot, K is

E0(K) =
∫∫

C×C

1
|x(t)− x(s)|2

− 1
|s− t|2

ds dt

where t → x(t) gives a unit-speed parameterization of K on a standard planar circle C. The
notation, E0, reminds us that we are using a definition of Möbius Energy such that E0(C) = 0, for
the standard planar circle, C.

Minimum distance energy is a function, which always has a real output since it is just the
addition, division and multiplication of distances which are given by real values. Therefore it is
natural to aks whether or not Umd can be minimized for polygons in a given knot class.

Many polygonal knots have crossings, that is, no matter how the edge lengths and angles are
changed they cannot be made into a regular n-gon. We argue that regular n-gons, polygonal un-
knots, minimize Umd. The following theorems, given by Simon [14], suggest that unknots mini-
mize Umd. Most importantly, Theorem 2 proves that there exists an n-gon which minimizes Umd.
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Theorem 1 ([14]). If [K] is a knot type with q crossings and K is a polygonal representation of
this knot type, then Umd(K) ≥ 4πq.

Theorem 2 ( [14]). For each knot type [K] represented by an n-segment polygon there exists a
knotK0 with n edges such that Umd(K0) is minimum amoung all n-segment polygons representing
the knot type [K].

Remark 3. Note that this theorem implies that we can find a knot which minimizesUmd. So, if reg-
ular n-gons minimize this energy, then they are examples of the minimizing knots, K0, where [K]
represents all unknots. Additionally, Theorem 2 states that there exists at least one K0 which
minimizes the energy, but this does not suggest that there is only one such K0.

Theorem 3 ([14]). For segments of an n-gon denoted by A1, A2, . . . , An, md(Ai, Ai+2) ≥
`(Ai+1).

Theorem 4 ([16]). The regular 4-gon minimizes Umd for all knots with 4 edges.

Lemma 5 ([14]). If K is a polygon of n edges (n ≥ 5) then Umd(K) ≥ 2n. Note the inequality is
strict when n ≥ 6.

Theorem 6 ([14]). For each real number, r, the set of all polygons K having Umd(K) ≤ r repre-
sents only finitely many knot types.

Example 1. The regular 5-gon, R5, has the nice property that the minimum distance between each
pair of edges is given by the edge between them. Since Umd is scale invariant, it is sufficient to
investigate the regular 5-gon ABCDE, with unit edge lengths, as found in Figure 1. Take the edge
A. It has two non-adjacent edges C and D. The shortest distance between A and C is the same as
the length of edge B. Similarly, md(A,E) = `(E). Regular 5-gons have 5-fold symmetry, so,

Umd(R5) = 5
(
`(A)`(C)
md(A,C)

+
`(A)`(D)
md(A,D)

)
= 5

(
1
1

+
1
1

)
= 5 · 2 = 10.

A

B

C
D

E

FIG. 1: For a regular pentagon the minimum distance between non-adjacent edges is given by the pentagon’s
edge lengths.
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Example 2. There exists a non-regular 5-gon, call it W5, which also has Umd(W5) = 10 which
can be found using the program Ming [18]. This does not disprove our Conjecture 1, however,
because we want to show that regular n-gons have least minimum distance energy, andUmd(W5) =
Umd(R5) (we just calculated it), but it is not the case that Umd(W5) < Umd(R5).

Example 3. It is important to notice that the minimum distance between two edges is not always
the same as the length of another edge. For example, let us investigate the 4-gon, W4, found in
Figure 2. Let W4 have vertices a, b, c and d and edges ab = A, bc = B, cd = C and da = D.
This 4-gon was constructed in R2, by defining a = (0, 0), b = (3, 0), c = (4, 1), and d = (1, 3).
By the Pythagorean Theorem, `(A) = 3, `(B) =

√
2 `(C) =

√
13, and `(D) =

√
10. By the Law

of Sines, the md(A,C) = md(C,A) ≈ 1.39 and md(B,D) = md(B,D) ≈ 2.85 (each distance
shown with green lines in Figure 2). Therefore, Umd(W4) ≈ 2

(
3
√

13
1.39

)
+ 2

(√
2
√

10
2.85

)
≈ 18.70.

A, `(A) = 3a b

B, `(B) =
√

2
c

C, `(C) =
√

13

d

D,

`(D) =
√

10

FIG. 2: Example polygon, W4, with shortest distance between edges given in green.

1.2. General formulas for Umd of regular n-gons

Lemma 7. For all non-adjacent edges X and Y in a regular n-gon, md(X,Y ) is the distance
between a vertex of X and a vertex of Y .

Proof. Observe that a regular n-gon has n-fold symmetry. Therefore, the minimum distances
between vertices must also have symmetry. This could not be true if there were minimum distances
which did not occur between vertices as in Figure 2. Note that if edges are parallel, there are
other line segments that have the same minimum distance as those between vertices (this occurs in
Figure 3, the the purple line is not a distance between vertices of the n-gon, however there exists
a segment between vertices, shown in green, which has this same length). In such cases, since the
minimum distance also occurs between vertices, the existence of parallel minimum distance paths
(not necessarily between vertices) is trivial.
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FIG. 3: Inscribing an octagon in a circle allows us to find distances between vertices. Minimum distances
from P are shown by the green edges.

θ

P Q
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S

T

U

V

W

X

FIG. 4: Inscribing a 9-gon in a circle also allows us to find minimum distances. Minimum distances from P
are shown by the green edges.

One can inscribe a regular n-gon on a circle as in Figures 3 and 4. By Lemma 7 the minimum
distances between edges are the lengths of chords of a circle. The length of a chord, C, of a circle
with radius r is `(C) = 2r sin( θ2), where θ subtends C. In our case r = 1 and side lengths of the
n-gon are given by θ = 2π

n . That is, sides have length 2 sin(πn).
In the regular 8-gon shown in Figure 3, the green paths give the minimum distances between

the edge P and all edges (R, S, T, U, and V ) to whichR is not adjacent. Note that these distances
are all chords of a circle. For the regular octagon shown, md(P,U) is calculated by θ = 22π

8 ,
md(P, T ) has θ = 32π

8 , and so on.
Hence, for n-gons with n even, if we fix an edge X and we find:

∑
all edgesX 6=Y , nor adjacent

Umd(X,Y ) =
sin2(πn)

sin2
(
π(n−2)

2n

) + 2 ·

n
2
−2∑
j=1

4 sin2(πn)

4 sin2(πjn )
.

The minimum distance energy of the n-gon will be n times this sum, by the symmetry of regular
n-gons. We can then simplify to obtain the formula given below.
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Umd(Rn) = n · sin2
(π
n

) 1

sin2
(
π(n−2)

2n

) + 2 ·

n
2
−2∑
j=1

1

sin2
(
jπ
n

)
 .

For n-gons with n odd, note that there are no parallel sides and there is an even number of
minimum distance paths from each edge.

Thus, the minimum distance energy of Rn is:

Umd(Rn) = 2n · sin2
(π
n

) bn2 c−1∑
j=1

1

sin2
(
jπ
n

) .
Example 4. By formula for even n,

Umd(R4) = 4 · sin2
(π

4

) 1

sin2
(
π(4−2)

2·4

) + 2 ·

4
2
−2∑
j=1

1

sin2
(
jπ
4

)


= 4 · sin2
(π

4

)( 1
sin2

(
2π
8

) + 0

)
= 4

(1)

You may notice that this is much smaller than the value of Umd(W4), calculated above. This
also supports our Conjecture.

2. PREVIOUS RESULTS

Relating Umd to the area inside a polygonal unknot, I used tools developed to give various solu-
tions to the isoperimetric problem [2, 3, 5, 7, 8, 10, 19] to obtain the result that Umd is minimized
for convex n-gons. First I proved for all planar polygons, convex polygons with the same edge
lengths minimize Umd (Theorem 10). Then I proved a more general theorem which expands this
result to all polygonal chains in E3 (Theorem 12).

2.1. The planar result

Definition 4. The convex hull of an n-gon, P , is the smallest convex set containing all vertices
of P and is denoted H(P ). The boundary is denoted ∂H(P ).
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FIG. 5: The convex hull (green) of a non-convex polygon (blue).

We proved that the reflection of edges inside the convex hull of a polygon over the boundary
of the convex hull minimizes Umd (Lemma 9). However some polygons, such as the one shown in
Figure 7, require many reflections before they become convex. So, it was also necessary to show
that all polygons become convex after a finite number of reflections. Fortunately, we found that
this problem was first proposed by the famous mathematician Paul Erdös in 1934, and then solved
by Bèla Nagy in 1939 [4, 17]. Toussaint gives a history and summary of related contemporary
problems in [17]. We borrow his terms “flip” “pocket,” and “pocket lid.” These terms are defined
below and illustrated in Figure 6.

Definition 5 ([17]). A pocket is a set of edges of a polygon not in ∂H(P ) between the vertices i
and j on ∂H(P ). Its pocket lid is the line segment ij.

Definition 6 ([17]). A flip is the reflection of a pocket across a pocket lid.

i

j

FIG. 6: Flipping a pocket over its pocket lid, ij.

Theorem 8 (Erdös-Nagy [4, 17]). Every simple planar polygon can be made convex with a finite
number of flips.

Lemma 9 ([15]). Let P be a non-convex simple planar polygon and P ′ the result of a flip on P ,
then Umd(P ) ≥ Umd(P ′).

Proof. Take a pocket, p of P . We shall refer to P − p as p′. Perform a flip on p. We denote the
reflected collection of edges as r, and the new polygon created as P ′.

Edge length is not changed by reflections, so `(X) = `(X ′), where X ′ is a corresponding edge
in r. Therefore `(X)`(∆) = `(X ′)`(∆), where ∆ is a non-adjacent edge in p′. Thus, we need
only show that md(X ′,∆) ≥ md(X,∆) in order to show `(X′)`(∆)

md(X′,∆)2
≤ `(X)`(∆)

md(X,∆)2
.



8

FIG. 7: A non-convex polygon with pockets flipped across pocket lids, creating another non-convex polygon.
Flips are continued until a convex polygon is made.

Two nonadjacent edges in P ′ will either be on opposite sides of ij or on the same side.
Case 1 For the pairs (X,Y ) on the same side of ij, the edges X and Y are reflected together so

`(X′)`(Y ′)
md(X′,Y ′)2 = `(X)`(Y )

md(X,Y )2
. The position of edges in p′ is not affected by the flip, so distances between

these edges will also remain the same after the flip. Thus, the Umd of pairs of nonadjacent edges
on the same side of ij is unchanged.

Case 2 Now lets us investigate the distance between nonadjacent edges which are on opposite
sides of ij after the flip. Let us say that the minimum distance, md(X,∆), occurs between some
point δ in ∆ and some point α ∈ X . Similarly, md(X ′,∆) occurs between some δ′ in ∆ and some
β ∈ X ′. If we divide the plane along the pocket lid, ij, we see that P is all on oneside of ij, by
definition of convex hull. All of r, however, is on the opposite side of ij (although i and j are on
the line). Thus, for all δ and β, |δ − β| ≥ |δ − α| which implies `(X′)`(∆)

md(X′,∆)2
≤ `(X)`(∆)

md(X,∆)2
.

Hence, Umd(P ′) ≤ Umd(P ).

Theorem 10 ([15]). If P is a planar n-gon with minimized Umd, then P is convex.

Proof. By Lemma 9, this flipping process minimizes Umd. By applying Theorem 8, we know that
a finite number of flips creates a convex polygon. Therefore, the convex polygon minimizes Umd
for planar polygons.

2.2. Polygonal curves in E3

G. T. Sallee [13] “stretches” polygonal curves in En, a process which can increase the distance
between points on different edges by changing angles, not edge lengths. He finds that any polygonal
curve in En can be made planar and convex with a finite number of stretches [13]. We concern
ourselves, here, with only 3 dimensions. Supported by his work, we prove that the planar convex
n-gon minimizes Umd for higher dimensions (Theorem 12).
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(a) (b)

P ′P

FIG. 8: (b) A convex polygon made by stretching the polygon in (a).

Definition 7 ([13]). A stretch is made by a change in angles. For P and P ′, polygons with corre-
sponding lengths, P ′ is a stretched version of P , if for all x, y ∈ P and corresponding x′, y′ ∈ P ′,
|x− y| ≤ |x′ − y′|.

Lemma 11 ([13]). If P is a non-convex polygon in En, there exists a stretched polygon, P ′ which
is planar and convex, such that for all points x, y ∈ P , with x and y not on the same edge of P ,
and corresponding x′, y′ ∈ P ′, then |x− y| < |x′ − y′|.

Theorem 12 ([15]). If P is a polygon in E3 there exists a convex planar polygon, P ′, created by
stretching such that Umd(P ) ≥ Umd(P ′).

Proof. Let P be any polygon in E3 and P ′ the stretched convex planar polygon guaranteed by
Lemma 11. Let X be an edge in P and X ′ be the corresponding edge in P ′. Stretching does not
change edge lengths. Therefore, again, we need only examine the minimum distances between
two edges in each polygon. By Lemma 11, we know that for all points x ∈ X and y ∈ Y ,
and corresponding x′ and y′ ∈ P ′, |x − y| < |x′ − y′|. Thus, md(X,Y ) ≤ md(X ′, Y ′), and
`(X′)`(Y ′)
md(X′,Y ′)2 ≤

`(X)`(Y )
md(X,Y )2

.

3. NEW INVESTIGATIONS

We now attempt to build evidence supporting the idea that regular n-gons minimize Umd with
new methods. Lükő’s theorems [6] give both discrete and continuous results relating to average
chord length of curves and polygonal curves. We attempt to manipulate his results to prove our
conjecture. Perhaps most exciting for our research is Lükő’s Theorem II. When g(t) = t, this
theorem implies the average squared distance between the vertices of an n-gon is maximized by
the regular n-gon. It is promising that Cantarella [1] and others tweak Lükő’s results to show that
Möbius Energy is minimized on perfect circles, (the continuous version of our conjecture about
regular n-gons). We were able to apply Lükő’s Theorem II, to show that 5-gons have least Umd for
all equilateral n-gons. In general, it seems that his theorem could be applied in order to show that
regular n-gons minimize Umd for all equilateral n-gons, as will be explained. However, we could
not directly apply Lükő’s result to make any stronger conclusions.
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Definition 8. Let the vertices of a n-gon be labeled 1, 2, . . . , n and let ri,l denote the distance
between vertices i and i + l. Let a be a constant greater than or equal to the length of every edge
(denoted ri,1) of the n-gon.

1

r2,2

2

6
r4,1

4

7

r5,2

3

5

8
(a) (b)

θ
t

C

FIG. 9: (a) Polygon with edges (ri,1) in black, each ri,2 is given in green. (b) Regular octagon inscribed in
circle of radius t; distances between vertices are the length of a chord `(C) = 2t sin( θ2 ).

Definition 9. Let P and Q be points on a closed curve C, rP,Q the distance between them, sP and
sQ, arc-length parameters and let L be the length of C.

Definition 10. An affine image is the result of a transformation made of any composition of rota-
tions, translations, dilations or shears.

Theorem 13 ([6] Theorem I). If g(t) is an increasing, concave function, the integral

1
L2

∫
C

∫
C
g(rP,Q)dsPdsQ

attains its maximum only at circles.

Theorem 14 ([6] Theorem II). Let g(t) be an increasing, concave function, then,

1
n

n∑
i=1

g(r2
i,l) ≤ g

(
a2 sin2( lπn )

sin2(πn)

)
for all n ≥ 4, with equality if and only if the n-gon is regular.

Theorem 15 ([6] Theorem III). For any n-gon

n∑
i=1

r2
i,l ≤

(
sin2( lπn )
sin2(πn)

)
n∑
i=1

r2
i,1

where equality holds if and only if the n-gon is the affine image of a regular n-gon.
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When g(t) = t, Theorem 14 implies the average squared distance between the vertices of an
n-gon is maximized by the regular n-gon. While the minimum distance between to edges in an
n-gon may not necessarily occur between vertices, it is less than or equal to the distance between
vertices. If we over estimate the minimum distance for non-regular n-gons we will find a Umd
which is less than or equal to Umd for the actual n-gon. If the Umd of a regular n-gon with the
same number of sides is less than or equal to the under approximation of Umd for a non-regular
n-gon it implies regular n-gons minimize Umd.

Applying Theorem 14 for g(t) = t for equilateral n-gons we obtain:

1
n

n∑
i=1

r2
i,l ≤

sin2( lπn )
sin2(πn)

(2)

The minimum distances between edges X and Y a regular n-gon is:

md(X,Y ) =
(

2 sin
(π
n

))(
sin
(
lπ

n

))
.

Therefore:

Umd(X,Y ) =
(2 sin(πn) sin(πn))2

(2 sin(πn)(sin( lπn ))2

=
(sin(πn))2

(sin( lπn ))2
.

(3)

Inequality (2) implies:

1
1
n

∑n
i=1 r

2
i,l

≥ 1
sin2( lπ

n
)

sin2(π
n

)

(4)

which can be simplified to:

n∑n
i=1 r

2
i,l

≥
(sin(πn))2

(sin( lπn ))2
.

Multiplying both sides by n implies:

n2∑n
i=1 r

2
i,l

≥ n
(sin(πn))2

(sin( lπn ))2
. (5)
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However, we seek to show that:
n∑
i=1

1
r2
i,l

≥ n
(sin(πn))2

(sin( lπn ))2

in order to prove that regular n-gons minimize Umd for all equilateral n-gons. However, you will
note that the left hand here does not necessarily equal the left hand in (5). If it can be shown that

n∑
i=1

1
r2
i,l

≥ n2∑n
i=1 r

2
i,l

then
n∑
i=1

1
r2
i,l

≥ n
(sin(πn))2

(sin( lπn ))2
.

However, we were not able to find computations that show the previous two inequalities are true.

Theorem 16. For all equilateral 5-gons, E5,Umd(R5) ≤ Umd(E5).

Proof. Without loss of generality, let the length of each side be 1. Label the sides of E5 :
A, B, C, D, and E. Then

Umd(E5) = 2
(

1
md(A,C)2

+
1

md(A,D)2
+

1
md(B,D)2

+
1

md(B,E)2
+

1
md(C,E)2

)
.

Since, by Theorem 3 the least minimum distance between two edges X and Y is md(X,Y ) =
1, so Umd(X,Y ) = 1

md(X,Y )2
is maximized when md(X,Y )2 = 12 = 1.

Therefore, Umd(E5) ≥ 2(1
1 + 1

1 + 1
1 + 1

1 + 1
1) = 10

Umd(R5) = 10 (as shown in Example 1), so Umd(R5) minimizes Umd for equilateral 5-gons.

This method cannot be used to prove that regular n-gons minimize for all equilateral n-gons
since we can no longer use Theorem 3 to gain an understanding of the minimum distance between
each non-adjacent pair of edges when n > 5.

4. FUTURE PLANS

Cantarella et. al. [1] are able to prove that Möbius Energy is minimized for a standard pla-
nar circle by making a new version of Theorem 15 for a function F (x, y) which is convex and
decreasing[1]. If we could similarly alter Theorem 14 then we could prove at least the equilateral
case by having g(t) = 1

t .
We now provide an explanation of work done by Cantarella et. al. in order to show some ways

in which Lükő’s results can be manipulated to apply to convex and decreasing functions.
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Definition 11. Let c be a closed, unit-speed curve in Rn with length 2π. Let λ(s) be the length of
a chord with arclength s on the unit circle.

Theorem 17 ([1]’s version of Lükő’s). If g(t) is increasing and concave on (0, |0− s|2], then

1
2π

∫
g
(
|x(t+ s)− x(t)|2

)
dt ≤ g(λ2(s))

with equality if and only if c is the unit circle.

Note that for g(t) this theorem is not strong enough to prove that Möbius energy is minimized.
However we can produce the following inequality which looks vaguely like the continuous version
of (4), namely:

1
1

2π

∫
|x(t+ s)− x(t)|2dt

≥ 1
λ2(s)

The way in which Cantarella et. al. are able to resolve this problem is by applying a “Wirtinger
type inequality” in order to rederive Lükő’s results [1] to apply to functions from R2 → R which
are convex and decreasing. This allows them to create the following theorem, which allowed them
to prove that Möbius energy is minimized for planar circles.

Theorem 18 ([1]). If F (x, y) : R2 → R, is convex and decreasing in x2 for x2 ∈ (0, y2] and
y ∈ (0, π) then

∫∫
F (|x(t)− x(s)| , |s− t|) ds dt

is uniquely minimized on the unit circle.

Remark 4. Note that for F (x, y) = 1
x2 − 1

y2
, Theorem 18 implies that Möbius energy is uniquely

minimized on the unit circle.

Trying to rework the discrete version of Theorem 13 may be possible by similarly finding a
discrete Wirtinger-type inequality and making a version of Theorem 14 which applies to a function
which is convex and decreasing. This might allow us to prove the conjecture for all equilateral
n-gons. This would be a significant step towards proving the conjecture. It will then remain
to be shown that equilateral n-gons minimize Umd for all n-gons. It might also be possible to
have a similar inequality for a function of the form F (x, y) where the output is the minimum
distance energy of a pair of edges. This would allow us to prove our conjecture for all n-gons, both
equilateral and non-equilateral. The following techniques may also help in continuing.
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d
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FIG. 10: Changing edge lengths can change convexity.

4.1. n-gons, not necessarily equilateral

It may be possible to show that equilateral n-gons minimize Umd by changing pairs of edge
lengths. However, experiments with this method have shown that sometimes changing edge lengths
has caused the minimum distance between a pair of edges to be non-convex (implying that Umd
will not necessarily be minimimum by Theorem 10).

Another possible method involves proving that polygons which can be inscribed on a circle have
least Umd, and then using a method called midpoint stretching, to obtain a regular (and therefore
equilateral and equiangular) n-gon.

4.1.1. Changing edge lengths

Let ab and bc, be consecutive edges with `(ab) 6= `(bc). Let b be a point on an ellipse with
foci at a and c. Using properties of ellipses, it is easy to find a point on the ellipse b′, such that
`(ab′) = `(b′c). The area of4abc is less than that of the new4ab′c and thus equalizing the length
produces a polygon with greater area [2]. Following the connection that has been made between
area as giving a sense of the average minimum distance across an n-gon this seems hopeful.

However, there can be situations where changing the lengths of edges can force a convex poly-
gon to become non-convex. Figure 10 gives an example. If we allow for a combination of edge
length changes and flips, however, this will no longer be the case, and it seems likely that such
changes of edge length, overall, would decrease in U ′md.
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4.1.2. Cylic polygons and midpoint stretching

Definition 12 ( [9]). Let θi denote the measure of a central angle, ai a corresponding chord length.
θi = 2 arcsin(ai/2r ) = 2 arcsin

(
k(r)ai

2

)
where k(r) := 1

r .

Theorem 19 ( [9]). If a1 + a2 + . . . an−1 > an then there exists a covex cyclic polygon with edge
lengths (a1 . . . an) which is unique up to isometry.

It is known that a polygon inscribed in a circle has a greater area that any other polygon with
the same edge lengths [2, 10]. Polygons which can be inscribed on a circle are known as “chordal”
or “cyclic” polygons [9]. A regular n-gon is cyclic, so perhaps investigating if cyclic polygons
have minimized U ′md could give more evidence towards our conjecture. I. Pinelis [9] proves that
for a set of edge lengths, their exists a unique cyclic polygon with those edge lengths. Finding the
radius of a cyclic polygon for a set of edge lengths can also give us something to use to compare
with Umd(Rn). For non-adjacent edges X and Y maximum md(X,Y ) will be the diameter of
the circle. However, the necessary task for implementing Theorem 19 is to create an algorithm for
inscribing edges on a circle that also allows us to track changes in the minimum distance between
edges.

The circle is also valuable in determining minimum distance, since chord length can often be
used to relate distances on a polygon inscribed on a circle. This may simplify the problem since
equilateral polygons inscribed on a circle must also be equiangular.

Fortunately, there exists a great deal of published research on cyclic polygons. This material
gives us several possible algorithms for equalizing edge lengths. L. Hitt and X. Zhang [5] study
sequences of “midpoint-stretching polygons.” They take a chordal polygon, and create another
chordal polygon with vertices at the midpoints of all edges on the first polygon. They find that if
this process is repeated it creates a sequence of polygons that will converge to a regular n-gon. The
problem that occurs, however, when one is trying to apply this move to study Umd, is that it is hard
to generalize where the point of minimum distance will occur on an edge.
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